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Abstract. We establish an Atiyah-Hirzebruch type spectral sequence relating 
real morphic cohomology and real semi-topological it-theory and prove it to be 
compatible with the Atiyah-Hirzebruch spectral sequence relating Bredon co- 
homology and Atiyah's KR-theory constructed by Dugger. An equivariant and 
a real version of Suslin's conjecture on morphic cohomology are formulated, 
proved to come from the complex version of Suslin conjecture and verified for 
certain real varieties. In conjunction with the spectral sequences constructed 
here this allows the computation of the real semi-topological it-theory of some 
real varieties. As another application of this spectral sequence we give an alter- 
nate proof of the Lichtenbaum-Quillen conjecture over R, extending an earlier 
proof of Karoubi and Weibel. 



A semi-topological Atiyah-Hirzebruch spectral sequence relating the morphic 
cohomology and the semi-topological i\-theory of smooth complex variety X is 
constructed is constructed in [FHW04] . There is a comparison map from the mo- 
tivic Atiyah-Hirzebruch spectral sequence to the semi-topological spectral sequence 
and a map from the semi-topological spectral sequence to the topological Atiyah- 
Hirzebruch spectral sequence for connective complex X-theory. A first goal of 
this paper is to fill in this picture for real varieties. A second goal is to compute 
equivariant morphic cohomology and real semi-topological X-theory for some real 
varieties. 

In Section [2] we establish the semi-topological Atiyah-Hirzebruch spectral se- 
quence and show that it receives a map from the motivic spectral sequence and 
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maps to the spectral sequence constructed by Dugger in |Dug05[ Corollary 1.3], 
E%«{alg) = M^(X;A(-q)) => K_ p _ q (X;A) 

I 

E P ' q (sst) = L- q HW-i{X;A) =>• KR s _?*_ q (X] A) 



E P,q (top) = H p -i(X(C);A) kr p+q (X(C); A). 

To construct the real semi-topological spectral sequence we apply Friedlander- 
Haesemeyer- Walker's method [FHWQ4], with straightforward modifications for real 
varieties. As their method makes clear, in order to produce the semi-topological 
spectral sequence one may use as input any model for the motivic spectral sequence. 
However, constructing the companion topological spectral sequence and identifying 
the equivariant homotopy type of the spectra appearing in its construction requires 
more care. Presumably this can be carried out with any of the available models, 
however we find it convenient to make use of Grayson's model (as described in 
Wal96 ( WalOO ). Suslin |Sus03j has proved that the motivic cohomology appears 
as the i?2-term of Grayson's spectral sequence. Moreover it is widely believed that 
Friedlander-Suslin's spectral sequence |FSQ2,, Levine's spectral sequence [Lev08j . 
and Grayson's spectral sequence are in fact all the same spectral sequence. The 
advantage that this model has for us is that the spectra in this tower arise from 
homotopy group completions of simplicial sets of algebraic maps to certain quot 
schemes. This geometric description makes it straightforward to prove Proposition 
IB. H which is one of the main technical tools we use to identify the form of our 
topological spectral sequence. The topological spectral sequence we construct here 
has the same form as the spectral sequence constructed by Dugger in |Dug05| 
Corollary 1.3] and indeed in Proposition 12.351 we prove that these two spectral 
sequences are the same. 

Suslin's conjecture on morphic cohomology of a smooth complex variety predicts 
that the cycle map L q H n (X) — > H™ ing (X(C);l<) is an isomorphism for n < q 
and an injection for n = q + 1. Wc formulate appropriate analogues for the real 
morphic cohomology and the equivariant morphic cohomology of a smooth real 
variety (see Section [3] for precise statements). The real morphic cohomology groups 
of real varieties and the morphic cohomology of complex varieties are particular 
instances of equivariant morphic cohomology, and so at first glance the equivariant 
conjecture would appear to be stronger than the rest of these conjectures. However, 
as we show in Theorem 13.41 all three of these conjectures are equivalent. As a 
consequence we verify the equivariant Suslin conjecture in codimension one for all 
smooth real varieties and give a complete computation of real morphic cohomology 
in codimension one (see Theorem I3.9j) . generalizing a result of Teh |Teh08] . For 
certain real varieties, such as geometrically rationally connected threefolds and 
generic cubics of small dimension we verify the equivariant Suslin conjecture in all 
codimensions. 

Moreover in Section [3l we discuss the real algebraic equivalence relation on real 
cycles (as defined by |FW02aj ). We prove that it satisfies a Bloch-Ogus formula for 
Bredon cohomology (and also Borel cohomology) as well as a number of other good 
properties satisfied by the usual algebraic equivalence over complex algebraic cycles 
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(see Theorem 13.241 and Theorem 13. 9|) . Together with other techniques, these allow 
us to prove a stronger result than is predicted in general by the real Suslin's conjec- 
ture in some cases (e.g. geometrically rationally connected threefolds), extending 
results from the complex case of Voineagu (Voi08 . In particular we obtain that all 
of the equivariant morphic cohomology groups are finitely generated in these cases. 

Using the spectral sequences constructed in Section [2] in conjunction with our 
computations of the real morphic cohomology we compute the real semi-topological 
-ftf-theory of some real varieties. As an additional application of the spectral se- 
quences constructed here, in conjunction with Voevodsky's verification of the Milnor 
conjecture, we give an alternate proof of the 2-adic Lichtenbaum-Quillen over R. 
This was proved [KW03] (in a slightly weaker form) and in general (for any real 
closed field) in [R0O5] . One would like to use Voevodsky's solution of Milnor con- 
jecture [Voe03] together with a comparison of Atiyah-Hirzebruch spectral sequences 
in order to prove this conjecture (indeed this method works just fine over non-real 
closed fields) . The difficulty which has to be worked around in [KW03] and [R0O5| 
is that if X has a real point then its etale 2-cohomological dimension is infinite and 
the etale Atiyah-Hirzebruch spectral sequence will not converge. The proof we give 
avoids this problem by using the Atiyah-Hirzebruch spectral sequence based on the 
Bredon cohomology of the Z/2-space A(C) (which is convergent). We view this 
application as an example of the fact that Bredon cohomology is a more natural 
and useful target for Chow groups of real algebraic cycles than Borcl cohomology. 

Finally in Section |4] we verify the expected compatibility between the duality 
proved in |HV09j relating equivariant morphic cohomology and dos Santos' equi- 
variant Lawson homology groups of a smooth projective variety X and the Poincare 
duality relating the Bredon cohomology and homology of the space A(C). An im- 
portant consequence of this compatibility is Corollary 14.21 which asserts that in 
weights larger than dim U, the cycle map from the equivariant morphic cohomol- 
ogy of U to the Bredon cohomology of U is an isomorphism for any smooth quasi- 
projective real variety U. This identification is an important ingredient in the 
previously mentioned applications of the spectral sequences. Another application 
of this compatibility was given in [HV091 Corollary 5.14]. 

The techniques and computations presented in this paper are a sequel to our pre- 
vious work on real algebraic cycles |HV09| and to the paper FHW04 of Friedlander- 
Haesemeyer- Walker which had an important influence on this work. 

Acknowledgements We were told by E. Friedlander that a version of the spec- 
tral sequence constructed in section [5] of this paper was also constructed inde- 
pendently by E. Friedlander, M. Walker and C. Haesemeyer. We thank him for 
informing us about their work, for his interest in our paper, and his encourage- 
ments. We also thank Pedro dos Santos and Jens Hornbostel for interest in this 
paper and Mark Walker for useful discussions. 

1.1. Notation. By a k- variety we mean a reduced, separated quasi-projective 
scheme of finite type over a field k. We write Sch/k for the category of k- varieties 
and Sm/k for the subcategory of smooth quasi-projective ^-varieties. Unless oth- 
erwise specified, G denotes the group Gal(C/M) = Z/2. 

If A is a real variety then the set HoniR(C, X) is denoted as A(C). This set 
agrees with the set of closed points Xc(C) of the complexification and is given an 
analytic topology via this identification. Note that when A is a complex variety 
viewed as a real variety this notation is potentially ambiguous but it will always be 
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clear in such situations which is meant. Via the action of complex conjugation the 
space X(C) is a G-space. 

By a spectrum we mean a spectrum in the sense of Bousfield-Friedlander, which 
consists of a sequence A = (Ax, A2, . . .) of simplicial sets together with connecting 
maps Gi : S 1 A A.- L — > Aj+i. A naive G-spectrum is a G-object in the category of 
spectra. 

A map of G-spaces (or naive G-spectra) / : A — > B is a G-weak equivalence 
provided both A — > B and A G — >■ B G are weak equivalences. 

Let V be a real representation of G, write S v for the one-point compactification 
of V. The Vth homotopy group of a based G-space X is 

■KyX = [S ,X]q, 

(where [— , — ]@ denotes maps in the based G-homotopy category). When V = M. p ' q 
we use the notation TV p gX — tt^p^X where W' q is W +q with trivial action on the 
first p-components and is multiplication by —1 on the last g-components. In par- 
ticular TTkfiX — TTkX G . We use a similar convention for the i?0(G)-graded Bredon 
cohomology with coefficients in a Mackey functor M_ and write H p ' q (X;M_) = 
H RP q (X; M). For more details on equivariant homotopy and cohomology see 
[May96| . 

2. Atiyah-Hirzebruch Spectral Sequences 

In this section we construct the semi-topological Atiyah-Hirzebruch spectral se- 
quence for real varieties following the construction in FHW04 for complex vari- 
eties. We show that this spectral sequence receives a map from the motivic Atiyah- 
Hirzebruch spectral sequence and maps to the Atiyah-Hirzebruch spectral sequence 
for Bredon cohomology and real if-theory constructed by Dugger. 

2.1. Motivic spectral sequence. There are several available constructions of a 
motivic Atiyah-Hirzebruch spectral sequence. For our purposes we find it conve- 
nient to make use of Grayson's construction }Gra95j (as reinterpreted by Walker 
[Wal96llWal0rj] L 

Let / be a polynomial (integer valued with rational coefficients), £ a coherent 
sheaf on a quasi-projective variety Y, and Y — > S a morphism of quasi-projective 
varieties. The quot scheme Quot^ y ^ s represents the functor which sends X to 
the collection of quotient objects [k* x £ F] (where nx ■ X Xj Y — > Y is the 
projection) which are fiat over X and have support proper over X with Hilbert 
polynomial /. 

Definition 2.1. For an integer n define Gy{n) C U dcg (^) =0 Quotj£,„ /yyspecfc to ^ e 
the subfunctor whose value on X is the collection of quotient objects [0 XxY J 7 ] 
which satisfy the conditions 

(1) J- is flat over X and Supp(T) is finite over X, 

(2) The induced map O x — > n*0 XxY —> is surjective. 

By |Wal02, Lemma 2.2] this functor is represented by a variety which we also 
denote Gy(n). In fact Gy(n) C LId C g(/)=o Q u0 ^O" /^/ Spocfc ^ s an °P en subvariety. 
In [GWOOj Grayson- Walker use Ky{n) = Udo°-(/)=o Q uot o n /y/Spccfc ra ther than 
Gy(n). Using Gy{n) rather than ify(n) does not change the resulting bivariant 
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theory [Wal02] and has several advantages such as making certain induced maps of 
spectra functorial rather than merely functorial up to homotopy. 

The projection O n+1 — > O n onto the first n basis elements defines a map 
Gy(n) — > Gy(n + 1) and let Gy denote the ind-scheme Gy — colim„ Gy(n). The 
elements of Gy(X) — colim„ Hom(X, Gy(n)) are considered as quotient objects 
[p : Ox X Y -» J~] such that all but finitely many of the standard basis elements are 
in the kernel of p. 

Definition 2.2. An m-tuple {[p\ : Ox xY -» J-\\,..., [p m : 0f xy -» T m \) is said 
to be in general position if the induced map 

i 

is again a surjection. Write G^iX) C Gy(X) xm for the subset of all m-tuples 
which are in general position. 

By [GWOOj the functor X i-> G [ y ] {X) on Sch/k is represented by an open 
ind-scheme G^ G Y m ■ By convention G^ Y = Specfc. 

The collection {G^} m >o gives a T-object in presheaves of sets on Sch/k (see 
Appendix [A] for a recollection of T-spaces) . Given a map a : m — > n then er* : 
G { y ] {X) G { y\x) is defined by 

a.Qp! : Of xY -» Ji],. • • , \p m ■ 0% xY -» J- m ]) = 

=([<?: : Olxy - • • ■ , K : ^xxy - £.]), 

where = ®i£ a —~ L (fc)J : 'i and qfc : 0^ yY -» £k is the sum over i 6 cr _1 (fc) of the 
maps pi. The condition of being in general-position implies that this definition is 
well-defined. This is functorial in X and so defines a T-object in the category of 
presheaves on Sch/k. The argument in |GW00| Lemma 2.2] shows that the F-space 
m H> G Y n \x x A*) is special for any X. 

Definition 2.3. For quasi-projective k- varieties X and Y define K, geom (X, Y) to 
be the fi-spectrum associated with the special T-space m >->• G Y n \x x A*). 

By |Wal02j the fi-spectrum K, geom (X, Y) defined here is equivalent to the spec- 
trum obtained from the special T-space m i-4 K Y \x x A*). Let IC(X, Y) denote 
the if-theory spectrum of the exact category V(X,Y) of coherent Oxxy-modules 
which are flat over X and have finite support over X. By |GW001 Theorem 2.3] for 
any X and Y there is a natural map of fi-spectra K. geom (X, Y) — > \K(X x A*, Y)| 
which is always a weak equivalence. In particular whenever X is regular then 

K*fcge.om(X,Y) — K*{X,Y). 

Lemma 2.4. ( / [Wal02, Lemma 2.3],) A map f : Y — > Y 1 of k-varieties induces 
a natural map of T -spaces /» : (X X A*) -> Q Y x) (X x A'), by f*[G% xY -» 
M] = [Oxxy> ~^ {id x f)*-M\. In particular we obtain a natural transformation of 
presheaves of tt-spectra 

f* • fc- , geom{ ) ^ fcgeom{ )Y ). 

Proof. Let (0^ xy -» A4] be an object of Gy(n)(X). The second condition on 
M in Definition 12.11 guarantees that the induced map \0\ xY , — > {id x f)*M\ 
is again a surjection. Thus /» : Gy(X x A') — > Gy(X x A') is well-defined. 
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The second condition in Definition 12.11 also guarantees that if ([pi : 0^ xy -» 
.Mi], ... , [p m '■ C™ xy -» A4 m ]) is an m-tuple in general position then the induced 
m-tuple ((id x /)*(pi), . . . , (id x f)*(p m )) is again in general position. Thus we 
have a natural map of T-spaces /. : G Y n) (X x A*) -> G^ m) (A x A'). □ 

Let Cube(n) denote the category whose objects are the subsets of {1, ... , n} and 
morphisms are subset inclusions. An n-cube in Sch/k is a functor from Cube(n) to 
Sch/k. For a subset K{l,...,n} define Pf 1 = P 1 x • • • xP„ where = P 1 if i 6 7 
and otherwise p = {oo}. By the above lemma we have natural transformations 
K geom (-,P An ) -> /C geom (-,P^™) for 7 C J. Define W (n) (X) to be homotopy 
colimit of the cube 7 M> K geom .(— , Pj n ), this is natural in X and so defines the 
presheaf W (n) (-). When X is regular, W (Q) (X) ~ /C(X). 

There are functorial maps W ( ™ +1 )(A) ->• W {n ^(X) |WalOO| Section 2], from 
which we obtain a tower of presheaves 

► _> w (n) (-) -> — ► w (0) (-)- 

For a simplicial abelian group A, write .M(j4,) for the associated Jl-spectrum, 
M(A.) = (A.,BA.,B 2 A.,---). 

Write z equ i(Y, 0)(— ) for the presheaf of equidimensional cycles of relative di- 
mension jSVOO] . Using the localization property for the complex of equidimen- 
sional cycles |FV00j we see that the complex z equ i(F An , 0)(X x A*) is equivalent 
to the complex z equ i(A n , 0)(X x A*) which computes motivic cohomology (see 
}FV00| IMVW06] ). As explained in |WalOO| Section 4] there is a natural sequence 
of spectra 

W {n+1) (X) -¥ W {n) (X) M(z equi (F An ,0)(X x A')) 

which is homotopic to the constant map. By |Sus03] this sequence is a homotopy 
fiber sequence when X — Spec Oy, y is the local ring of a smooth variety Y at a 
point y G Y. 

This tower is globalized as in Friedlander-Suslin [FS02J via Godement reso- 
lutions (for the Zariski topology) which are recalled in Appendix |5] Write Q 
for the Godement resolution and define K {n \-) = gw {n) (-) and M {n) (-) = 
0M(z equ i(¥ An , 0)(— x A*)). Observe that because the presheaf of simplicial abelian 
groups z equ i(¥ An , 0)(— x A*) satisfies Zariski descent on smooth varieties, the nat- 
ural map M(z equi (P An , 0)(X x A')) — > M^ n \X) is a weak equivalence for any 
smooth fc-variety X . 

Because W^ n+1 \X) -> W {n \X) -> M(z equl (P An , 0)(X x A')) is a homotopy 
fiber sequence when X = Spec Oy, y for a smooth variety Y and a point y £ Y , we 
see that 

(2.5) JC {n+1) (X) -> K, {n) (X) -> M {n) (X) 

is a homotopy fiber sequence for any smooth X. In general when X is not smooth 
the composition is homotopic to the constant map. 

This gives the tower of presheaves of spectra on Sch/k 

(2.6) ^ £(<?+!) K {q -^ -» *- K.W K.- 

II I 

We summarize the properties of this tower which we use. 
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Theorem 2.7. [Gra95, SusQ3] Let X be a smooth k-variety. 

(1) Each ofK^{X) andM [q) (X) are {-I) -connected Sl-spectra. 

(2) The sequence 

K {q+1) {X) -> K, {q) {X) -> 

is a homotopy fibration sequence of spectra ( in general the sequence is ho- 
motopic to the constant map if X is not smooth). 

(3) For any abelian group A, 

■K k (M^{X)-A)=H%- k {X;A{q)) 

(4) The augmentation K^{X) -)■ K{X) is a weak equivalences of spectra. 

(5) Ifk<q- dimX then TV k IC^ (X) = 0. 

Proof. The first four items have already been discussed above. Let TxiW^ denote 
the Zariski sheafification of the presheaf U h-> hi W M (U) on Sm/k. For Y = 
Spec Ox,x, the localization of a smooth variety X a point there is a natural 

homotopy equivalence of spectra K, geom (Y, G^ 9 ) — > (Y) by jWa!961 Theorem 

7.11]. Therefore t^W (?) = for i < That TT k K.^(X) = for k < q - dimX now 
follows from the descent spectral sequence |BG73j 

E*/ = H s Zar (X;n t W^) => n t _ s IC^(X) 

since E% ^ means that s < dimX and t > q. □ 

Corollary 2.8. [Gra95, Sus03] For any smooth k-variety X and any abelian group 
A, there is a strongly convergent spectral sequence 

E™ = H p M q (X;A(-q)) K^ q (X;A). 

Proof. For any abelian group A, the homotopy fiber sequences (|2.5j) yield an exact 
couple, 

D pq = TT_ p _ q (lC(- q \X);A) and E p 2 q = n^ q (M^ (X); A). 

By the previous theorem this exact couple is bounded below and thus the resulting 
spectral sequence converges to colim p D p ' n ~ p — 7r_„(/C( p-Tl ) (X); A) — 7r_„/C(X; A) 
(see for example |Wei941 Corollary 5.9.7]). □ 

We are primarily interested in the cases k = K and k — C. Let L/k be a finite 
extension of fields. In the following lemma, in order to (temporarily) distinguish 
between the presheaf of spectra on Sch/k obtained using Gp^ and the presheaf 

on Sch/L using Gpj we use the notation K.^ 1 (X) and K/£'(X) (and similarly for 
the presheaves Ai^ n '). Because of the following lemma we will not make careful 
distinction between the two in the rest of this paper. 

Lemma 2.9. Let L/k be a finite field extension and let p : Sch/k Sch/L be 
the map of sites specified by X i— > X^. Then for an L-variety Y we have that 
p *JC^\Y) = K^{Y) and p*M ( k n) {Y) = M ( ^{Y) 

Proof. For a k- variety Y we have the agreement of presheaves of sets on Sch/L, 
p*Hom fe (- G™) - Hom L (- G^). 
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Thus for any L- variety X we have, p*G { ™ ] (X x L A' L ) = G { yf ] (X x L A' L ). If F(-) is a 
presheaf of T-spaces then p*f?.F = Bp*F and sop*JC geom ^{— , Y) = K, geom .h{— , Yl). 
This implies that 

Finally, because the Godement resolution commutes with p* we have 

p*4 n) R = pw^(-) = swi n) R = 4 n) (-)- 

A similar argument gives the result for the presheaves M.^ n \— ). □ 

2.2. Semi-topological Spectral Sequence. We now construct a semi-topological 
spectral sequence for real varieties, using the motivic spectral sequence above, and 
following the method of |FHW04j . We begin by recalling a construction used by 
Friedlander- Walker . 

Let F(— ) be a presheaf of abelian groups, simplicial sets, or spectra on SchfR. 
If T is a topological space and X is a real variety then define F(T x R X) by the 
filtered colimit 

f(Tx R I)= colim F(Vx«X). 

The colimit is over continuous maps / : T — > V"(K) a ™, where V is a real variety, 
and a map from (/ : T -> V(M)) to (g : T ->■ C/(M)) is a map a : V ->■ Z7 of real 
varieties such that g = af. Similarly define F{T Xc X) by the colimit 

F(Tx c X) = colim F((V C ) X E X). 

T-s-V(R) 

Via the action of Gal(C/R) on each F((Vc) x R X) we obtain an action of Gal(C/M) 
on F(T x c X). 

Remark 2.10. When iJ is a presheaf on Sch/C, Friedlander- Walker [FW02a, proof 
of Lemma 2.4] show that 

colim H(U C ) = colim H(W) 

T-yUQS.) T->W(C) 

where the first colimit is over continuous maps T — > U(M.) with U a real variety 
and in the second T — > W(C) with W a complex variety. In particular writing 
p : SchfR — > Sch/C for the map X i-> we see that for a presheaf F(-) on 
SchfR we have the agreement 

F(T x c R) = (p»p*F)(T x R R) = (p*F)(T x c C). 

Let F be a presheaf of simplicial sets on Sch/R. We obtain a bisimplicial set by 
the formula d <-> F(Af op x R X) and define 

F(A' op x R X) = diag(d m- F{A d top x K X)). 

Similarly, if J 7 is a presheaf of spectra on Sch/R then d H > F(A d op x R X) is a 
simplicial spectrum. Define the spectrum F(A' op X|X) by the formula 

F(A' op x R X) 4 = diag(d i y F{A d top x R X) 1 ) 
and bonding maps given by 

S 1 A diag(d h> F(A t d op x R X) 1 ) £ diag(d h- S 1 A ^(A? op x R X) 1 ) -> 

^diag(d^F(A? op x R A7 +1 ) 
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Definition 2.11. Let F be a presheaf of simplicial sets of spectra. Define a new 
presheaf F ss t on Sch/M. by 

F aat (X)=F(A' top x R X). 

Remark 2.12. For emphasis and to avoid confusion we will often write below 
F(A' op Xi R) instead of F(A' op ) when F is a presheaf on Sch/M. and similarly 
we will write G(A' op Xc C) instead of G(A' op ) when G is a presheaf on Sch/C 

In |FW03j the wad-topology on Sch/C is used to establish a recognition principle 
identifying when a map F(-) — > G(— ) of presheaves on Sch/C induces a weak 
equivalence F(A' op x c C) -4 G(A* op x c C). In [HV09] it is observed that their 
work carries over to Sch/M., using a suitable real wad-topology. We briefly recall 
this topology, which is essentially due to Deligne. 

Definition 2.13. (1) A continuous map of topological spaces / : S — > T is 
said to satisfy cohomological descent if for any sheaf A of abelian groups 
on T the natural map 

H*(T,A) -¥ H*(N T (S)J*A) 

is an isomorphism. Here Nt(S) — > T is the Cech nerve of /, i.e. Nt(S) is 
the simplicial space which in degree n is the n + 1-fold fiber product of S 
over T. A map / : S — > T is said to be of universal cohomological descent 
provided the pullback S x t T 1 — s> T" along any continuous map T" — ► T is 
again of cohomological descent. 

(2) The wad-topology on Sch/C is the Grothendieck topology associated to the 
pretopology generated by collections {Ui — > X} such that \\Ui(C) an — > 
X(C) an is a surjective map of universal cohomological descent. 

(3) The wad-topology on Sch/M. is the Grothendieck topology associated to the 
pretopology generated by collections {Ui — > X} such that ]JZ7i(R) an — > 
X(R.) an is a surjective map of universal cohomological descent. 

A useful feature of the wad-topologies is that a complex variety is locally smooth 
in the wad-topology and a real variety is locally smooth in the real wad-topology. 

The following is the recognition principle proved by Friedlander- Walker FW03 
(for the real analogue see [HV09] ). 

Theorem 2.14 ( [FW03I Theorem 2.2]). Let k = C or E. Suppose that F -> G is a 
natural transformation of presheaves of abelian groups on Sch/k. If F ua d ~^ G ua d 
is an isomorphism of uad-sheaves, then 

F(A' top x k k)^G(Al p x k k) 

is a homotopy equivalence of simplicial abelian groups. 

The following two propositions were proved in the complex case in }FH W04j . 

Proposition 2.15. (c.f. |FHW04[ Theorem 2.6] Let k = C or JR. Suppose that 
f : T Q is a natural transformation of presheaves of spectra on Sch/k. Suppose 
that there is an integer N with the property that the maps (ir q F)ua,d (^qG)uad 
are isomorphisms of uad-sheaves for q < N and a surjection for q = N + 1 . Then 



7r 9- F ( A top X fc k ) -> irqG( A top X fe k ) 
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is an isomorphism for q < N and a surjection for q = N + 1 . In particular if 
F{X) — > Q{X) is a weak equivalence of spectra for all smooth X then 

T(A' top x k k)^g(A' top x k k) 

is also a weak equivalence of spectra. 

Proof. Define the presheaf of spectra Q(-) by Q(X) = hocofib(J"(X) ->■ Q{X)). 
Then ir q Q ua d — for all q < N + 1. By the recognition principle the simplicial 
abelian group (d h-> 7r g Q(A^ OJ9 X*. fc)) is contractible for any q < N + 1. 
From the strongly convergent spectral sequence [Jar971 Corollary 4.22] 

E 2 sA = n s (d ^ n t Q(A d op x k k)) => 7r s+t Q(A' op x fc fc) 

we conclude that Tr q Q(A' op x& k) = for q < N + 1. Finally observe that 

Q(Af op x fc fc) ~ hocofib(^(Af op x fc k) -> <?(A? op x fc fc)) 

because filtered colimits preserve homotopy cofiber sequences. Since the diagonal 
converts degreewise homotopy cofiber sequences of simplicial spectra into homotopy 
cofiber sequences of spectra, we have that 

Q(A' top x k k) ~ hocofib(^(A' op x k k) -> G(A' top x k k)). 

Finally from the long exact sequence for homotopy cofiber sequences of spectra we 
conclude that Tr k T(A* op x k k) — > Ti k Q(A' op x k k) is an isomorphism for k < N and 
a surjection for k = N + 1. □ 

Proposition 2.16. ^ [FHW04[ Corollary 2.7]) Let k = C or M. Suppose that 

is a sequence of presheaves of spectra on Sch/k such that the composition is homo- 
topic to the constant map and the sequence 

F{x)^g{x) ->h(X) 

is a homotopy fiber sequence for any smooth X . Then 

(2.17) H^'top Xk X) -> g(A' top x k X)^ H(A' top x k X) 

is a homotopy fiber sequence of spectra. 

Proof. A sequence of spectra is a homotopy fiber sequence if and only if it is a 
homotopy cofiber sequence. Write Q(X) — hocofib(J r (X) — > Q{X)). Filtered 
colimits preserve homotopy cofiber sequences of spectra. Therefore for each d the 
sequence 

F{A d top x k k)^ g{A d top x k k) -> Q(A? op x k k) 

is a homotopy cofiber sequence. The diagonal converts degreewise homotopy cofiber 
sequences of simplicial spectra into homotopy cofiber sequences of spectra and thus 

F{A' top x k k)^ g(A' top x k k)^ Q(A' top x k k) 

is a homotopy cofiber sequence. The natural map Q — > % is a weak equivalence 
on smooth varieties which implies that {ir q Q) U ad {^qT~L)uad is an isomorphism 
for all q. Therefore Q(A' op x k k) — > H(A' op x k k) is also a weak equivalence by 
Proposition 12. 151 We conclude that the sequence (|2.17|) is a homotopy cofiber (and 
thus a homotopy fiber) sequence of spectra. □ 
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Write KR^(X) = KV>(X x r A' top ) and MR<&(X) = M^(X x R A' top ). We 
obtain from the motivic tower ()2.6|) the semi-topological tower of presheaves of 
spectra, 

• • ■ — KR$ X> > — JCR$ — KM^ — • • • — /CR<°J — OW 

Theorem 2.18. Lei X oe o smooth real variety. 

(1) T/ie spectra KM^(X) and MR {q J t (X) are (-1) -connected spectra. More- 
over TTkKM^iX) = Q fork<q-AunX. 

(2) The sequence 

(2.19) ICR^iX) -> /CR< 9 J(X) -> VWM^X) 

is a homotopy fiber sequence of spectra. 

(3) For any abelian group A, 

irkiM^liX)- A) = L g HW- k ' g (X;A), 

where L q HR q ~ k ' q (X; A) denotes the real morphic cohomology defined in 
[FW02a] . 

(4) The augmentation 

KM^(X) KR sst (X) 

is a weak equivalence of spectra, where KM SB t{X) is the real semi-topological 
K -theory spectrum defined in |FW02a| Definition 2.1] (denote there by 
lC alq (A' top x M X). 

Proof. (1) This follows from Theorem 12 . 71 and Proposition [2J~5] 

(2) This follows from Theorem 12 . 71 and Proposition [2T6] 

(3) The spectrum M. ^ (X) is the spectrum associated to the simplicial abelian 
group z equi (P^ q , 0)(Xr Xr Ag). Consequently we have that MM.[ 9 J t (X) is 
naturally equivalent to the spectrum associated to the simplicial abelian 
group z equi (A q l , 0)(Xr x x A* A By |HV09j the homotopy groups of 
this simplicial abelian group compute real morphic cohomology. 

(4) Follows from Theorem ?2. 141 and Theorem [2T71 

□ 

The following is the Atiyah-Hirzebruch type spectral sequence relating the real 
morphic cohomology and the real semi-topological algebraic if-theory, of a smooth 
real variety X. 

Corollary 2.20. For any smooth k-variety X and any abelian group A, there is a 
strongly convergent spectral sequence 

E\' q = L- q HM. p '~ q (X; A) => KR s _?*_ q (X; A). 

Proof. For any abelian group A, the homotopy fiber sequences (|2.19[) yield an exact 
couple, 

D™(sst) = 7T- p - q (mi: t q) (X);A) and E™(sst) = (MR^ 5 (X); A). 
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This exact couple is bounded below by the previous theorem and therefore the 
resulting spectral sequence converges to colim p D^ n ~ v = n- n )CM ss t(X; A) (see for 
example |Wei94| Corollary 5.9.7]). □ 

Remark 2.21. More generally we could use the equivariant homotopy groups ir St t 
rather than 7r Si o in order to produce other spectral sequences relating equivari- 
ant morphic cohomology and equivariant semi-topological i^-theory KM S t(X) = f 

7T S ,MX C X C A t ' op ). 

2.3. Topological spectral sequence. We continue to write G — Gal(C/M). Let 
F be a presheaf of simplicial sets or spectra on Sch/M. We remind the reader 
that for a topological space T we have a natural G-action on F(T Xc X) — 
colimr^crfR) F(U c x R X) and that F(Tx c X) = p*F(Tx c X c ) wherep : Sch/M -> 
Sch/C is the map of sites given by X i— > Xc (see Remark l2.10[) . 

The construction of }FHW04| Lemma 3.2] yields an equivariant natural trans- 
formation of presheaves of G-simplicial sets 

P*F(A' top x c X C ) Hom( Sing. X(C), p*F(A* op )), 

where Hom( — , — ) denotes the simplicial function complex equipped with the usual 
G-action. If F is a presheaf of spectra then this is an equivariant natural transfor- 
mation of naive G-spectra. 

The projections Uc — > U induce the natural map 

F(T x R X) = colim F(U x R X) -> ( colim F(U C x R X)) = p*F(T x c X c f 



Composing with the map from FHW04, Lemma 3.2] yields the natural transfor- 
mation 

F(A' top x R X) -> Hom g ( Sing. X(C), p*F(A' top )), 
where Hom g (— , — ) is the simplicial complex of equivariant maps. 

Definition 2.22. If F is a presheaf of simplicial sets on Sch/M. define a presheaf 
of G-simplicial sets on Sch/M by 

F top (X) = HOM( Sing. X(C), p*F(A' top )). 

If F is a presheaf of spectra on Sch/M. define Ft op by the same formula. In this 
case Ftop is a presheaf of naive G-spectra. 

The preceding discussion shows that we have the sequence of natural transfor- 
mations 

F -)• F sst F top 

of presheaves on Sch/M. 

Applying the functor (— ) top to the motivic tower on Sch/M gives rise to the 
tower of presheaves of naive G-spectra on Sch/M 

. . . _^ tr(i+ 1 ) ^ r(«) ^ ^(i- 1 ) _ . . . „ ir(°) s~ r, 

Mill m\% 

We have taken the Grayson spectral sequence as our model for the motivic spec- 
tral sequence because with this choice it is straightforward to see that K^ n \Xc) G — 
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K,( n '(X), This observation is crucial in the following proposition, which together 
with the two propositions after it, form the basis of the companion topological 
spectral sequence to the previously constructed semi-topological spectral sequence. 

Proposition 2.23. Let X be a smooth real variety. Then 

(2-24) ^(X) -> K<fJ p {X) -> M%l(X) 

is an equivariant homotopy fiber sequence. 

Proof. It is enough to verify the claim for X = SpecR and to verify that the 
sequence is a homotopy fiber sequence upon forgetting the G-action and upon 
taking fixed points. Evaluating this sequence on SpecR and using the observation 
at the end of Remark 12.101 and Lemma 12.91 the sequence becomes 

K,^ +1 \A' top x c C)^IC^(A' top x c C)^M^(A' top x c C). 

By Proposition lB.il upon taking fixed points this sequence becomes 

IC^ +1 \A' top x R R) -> K^{A' top x R R) -> M^(A' top x K R). 

That both of these are homotopy fiber sequences of spectra now follows from Propo- 
sition [2T6] and Theorem O □ 

Recall that Atiyah's real if-theory KR{W) of the space W equipped with invo- 
lution [Ati66] is represented by the G-space Z x BU (where BU has G-action given 
by complex conjugation). For a special T-space F we write SF for the associated 
fi-spectrum. If F has a G-action compatible with the T-space structure then §F is 
a naive G-spectrum (see Appendix |A1 for a recollection of these matters). We define 
the naive G-spectrum spectrum kr to be the the spectrum kr = §Grassc(C) an 
(where Grassc(C) an is given the structure of a T-space in a manner analogous to 
the T-space structure on Gy(— x A*) in Section l2~Tj) . For a G-space W we write 
kr l (W) = kr 1 ' . Note that for n > we have that kr~ n (W) = 7r n Map G (W, kr ) 
where Map G (— , — ) denotes the space of equivariant maps. Furthermore we have 
that Z x BU = kr a and therefore kr~ n {W) = KR- n (W) for n > 0. 

Proposition 2.25. The naive G-spectrum K. top (M.) is equivariantly equivalent to 
kr. In particular /C{ op (R)o - Zx BU. 

Proof. The map 

JC[%(R) = SHom c (A t % x c A' c , Grass c ) <- §Hom c (A' op , Grass c ) 

is a homotopy equivalence by |FW01a| Lemma 1.2]. On fixed points 

IC^Rf = §Hom K (A' op x R AJ, Grass M ) <- SHom R (A t , op , Grass M ) 

is a homotopy equivalence by |FW02aj . Thus SHomc(A* op , Grassc) —> K.l„ p (R) 
is an equivariant equivalence. In general if T is a compact Hausdorff topolog- 
ical space and Y is a real variety then Homc(T, Yc) — Hom cts (T, Y(C)) is an 
equivariant isomorphism (by an argument similar to [FW02b, Proposition 4.2]). 
Therefore Homc(A' op , Grass^) = Sing. Grass^ (C) an is an isomorphism of equi- 
variant T-spaces and so JC^QR) is equivariantly equivalent to the the fi-spectrum 
SGrass c (C) an = kr. □ 
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Proposition 2.26. The Oth space of the fl-spectrum M\ q p (M.) is naturally weakly 
equivalent to Sing. Zq(A^) for g > 0. In particular for any real variety X, 

Proof. The spectrum A^R)^ is equivalent to the spectrum associated to the sim- 
plicial G-module z equl (A q c , 0)(A* op ). By |FW03l Corollary 3.5] and [HV091 Propo- 
sition 4.15] this is equivariantly homotopic to Sing. Zo(A^). By jdS03b] the space 
Z (A q 2 ) is the Eilenberg-MacLane space K(Z,R q > q ). □ 

That this spectral sequence associated to the fiber sequences (I2.24[) is strongly 
convergent spectral sequence will follows from the following proposition. 

Proposition 2.27. Let W be a finite- dimensional G-CW complex of dimension d. 
There are natural isomorphisms, for any abelian group A 

H n ' m (W;A) -> H n ' m+1 (W; A) 

for n + m > d and for n + m + 1 < 0. In particular 

(1) ifm>0, then H n - m (X, A) = for n > d and for n + 1< -to, 

(2) if m < then H n ' m (X,A) = for n + m > d and for n < 0. 

Proof. Consider the homotopy cofibration sequence 

W+ A Z/2+ ->• W+ W+ A S ' 1 . 
This induces a long exact sequence in reduced Bredon cohomology 

y jjn-l,rn+l( W+ A ^ H"' m+1 (W + A S ' 1 ) -> H n ' m+1 (W + ) 

which may be rewritten as 
(2.28) 

-> ^ir s 1)+(m+1) (W / ;^) -> #"' m (V^; A) -> H n ' m+l {W;A) -> nl+™ +1 (W-A) . 

This implies the first statement because for n, m as stated m {W]A) = 

= K+™+ 1 (W;A). 

If m > and n>dorn + l< — m < then we have = (W/G) = 
H n '°(W) = H n ^(W) = ■■■ = H n ^ rn {W). Similarly if m < and (i < n + m < n 
or n < then we have iJ"^ m (VK) = H n ' m+1 {W) = ■■■H n ^ 1 {W) = H n -°(W) = 
H? ing (W/G)=0. □ 

Theorem 2.29. If X is a smooth real variety then for any abelian group A, there 
is a strongly convergent spectral sequence 

(2.30) E%' q (top) kr p+q (X; A). 

where (top) = H p >~ q (X;A) forq<0 and E p ' q {top) = for q>0. 

Proof. The homotopy fiber sequences (|2.24j) give the exact couple, 

D™(top) = n- p - qi0 (]Ci; p q) (X); A) and E™(top) = 7T- p - q ,o(M^ q) (X); A), 



which gives rise to a half-plane spectral sequence with exiting differentials in the 

:g(K)=0 = 7 r s /cg( 

'"top 

lim„ 7r s /c|"p(R) G for all s. These towers satisfy the trivial Mittag-Leffler condition 
and so lim^7r s /Cg(M) = = lim* 7r s /cg(R) G for all s (see for example |Wei94[ 



terminology of |Boa991 Section 6]. We have 7r s /cg(R) = = vr s /cg(R) G for s <n 
by TheoremO^) together with Proposition l2"J5l Therefore lim„ ?r s /cg(R) = = 



EQUIVARIANT INVARIANTS OF REAL VARIETIES 



15 



Section 3.5]). From the Milnor exact sequence [Tho851 Lemma 5.41] we conclude 
that holim/Cj™p(IR) and holim /Cj"p(R) G are both weakly contractible. The homo- 

topy limit holim /cj"p (R) is computed by first replacing the maps of this tower with 
G-fibrations between fibrant objects and then taking an inverse limit and so we 
sec that (holim /Cg(R)) G ~ holim /C^(R) G . We conclude that holim kQ (R) is 
equivariantly weakly contractible, and therefore holim Hom( Sing. X(C), /Q™p(R)) 
is weakly contractible as well. In turn this implies that lim p D^ n ~ p (top) = 0. Fi- 
nally, because E^itop) = when p > 2dimX by Proposition 12.27( 1) we conclude 
by |Boa99[ Theorem 6.1] that the spectral sequence is strongly convergent and 
converges to colim p D^ n ~ v {top) = 7r_ n> o(/C top (X); A). □ 

To summarize, we have three strongly convergent spectral sequences and natural 
maps between them for a smooth real variety X and abelian group A, 

E^(alg) = W M \X;A{-q)) => K- p - q (X; A) 

I 

(2.31) E%' q (sst) = L- q HMP'- q (X; A) KR s _f^_ q (X; A) 



E%' q (top) = H p - q (X(C);A) =>• kr p+q (X(C); A). 

We finish by comparing our construction with Dugger's |Dug05| . We warn the 
reader that the indexing conventions used there are different from ours. 

For n > 0, define /C,°^_ 1 >(R) so that it fits into the homotopy fiber sequence of 
naive G-spectra 

(2.32) Kt>) -> /C top (R) -> K^_ X) (R). 
There are homotopy fiber sequences of naive G-spectra 

(2.33) -> rf%(R) -> /C^_ 1} (R) 

and the towers {^^^(M)} and {/cj" p (R)} give rise to the same spectral sequence 
(see for example |GM951 Appendix B]). 

Write n°°E for the infinite loop space associated to a naive G-spectrum E. By 
Proposition E25] and PropositionE26]we have that Q,°°M^l(R) ~ K(Z,M. n < n ) and 
f2°°/C* op (R) ~ Z x BU. Taking associated infinite loop spaces of the homotopy fiber 
sequences (|2.33[) gives the homotopy fiber sequences of G-spaces 

(2.34) K(Z,R n ' n ) -> fi°°/C*°P(R) -> oo /Cj° p _ 1) (R). 

We briefly recall Dugger's construction, for complete details see |Dug05[ Section 
3]. For a based G-space X, define Pi n X to be the nullification of X at the set of 

G-spaces Ar*,* d = {S w | R n < n C W} U {S^ A G+ | R n,n C VK} (where the W are 
G-representations) . Equivalently, this may be viewed as the Bousfield localization 
at the set of maps {S w -> * | R"- n C VF} U {S"^ A G + -> * | R™'" C W}. Dugger 
defines his spectral sequence [Dug05 , Corollary 1.3] via the tower {P 2 n(Z x BU)}. 

Proposition 2.35. There is a map of towers of G-spaces 

{P 2 n^ 00 JC top (R)} -> {fi°°/C^(R)} 
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such that P 2n n°°K. top (R) -> ^°°/C*°P(R) lis an equivariant weak equivalence. 

Proof. From the homotopy fiber sequences (|2.34p and the fact that ~K a ,bK(3Li M. k,k ) = 
H k - a ' k - b (pt,Z) = whenever a > k, b > k and a + b > 2k, we see that if W 
is a G-representation with R n >" C VF then 7rwfi°°/C^(R) C TCurQ^K.* ? (R) = 

0. Similarly if R n > n C W, then we also have that [S w A G+, ft°°/C'^(R)] G = 
n\w\fl°°IC ( ^(M.) = 0. Therefore by the universal property of the functors P 2n , 
the map n°°IC top (R) -> 0°°/C^(R) factors through the localization fi°°/C* op (R) -> 
P 2 n^ 00 /C* 0? '(R). Thus we obtain unique up to homotopy maps P 2n n co K, top (M.) -> 
om Dugger's Postnikov tower so that 

n°°K. top {R) 0°°/C*°P(R) ^ fl 00 lC t ( op {M.) 




p 2n n°°ic to p{R) — ^p 2 r 1 - 2 p 2 „r! 0O /c top (R) = p 2n - 2 n°°ic top (R) 

commutes up to homotopy. Thus we obtain the homotopy commutative comparison 
diagram of homotopy fiber sequences 

if(z,R n ' n ) — > p 2n n°°ic top {R) — ^ p 2n - 2 n°°ic top (R) 

K(Z, R™>") > n°°/Cj^(M) Cl 00 K, t l ^'_ 1) (R). 

To see that the map K(Z, R™>") — > K(Z,M. n ' n ) is an equivariant weak equivalence 
it is enough to verify that it is an isomorphism on Tr n ,n and an isomorphism on 7r 2rl 
upon forgetting the equivariant structure |Lew 92. Definition 1.4, Lemma 3.7]. It is 
an isomorphism on n 2n because the tower {K.^ n \A* op XcC)} has the nonequivariant 
homotopy type of the usual Postnikov tower [FHW041 Theorem 3.4]. The forgetful 
map Tr n;n K(Z, R n,n ) — > ■n 2n K('Z Ll W l -' n ) is seen to be an isomorphism using the 
sequence (|2~28|) because H°- 1 {pt:I i ) = = H 1 ~ l {pt\T). We conclude that all the 
maps K(Z, R™' n ) — > K(Z, R™'") appearing in the comparison diagram above are 
equivariant weak equivalences. 

By induction we see that the induced maps ir k P 2n n°° lC top (R) -> n k O.°° fC^QSL) 

and TT k P 2n VL°°lC top {M.) G Tr^^/C'^R) 6 are isomorphisms for all k > 1. Now 
we address the case k — 0. By Theorem 1 2 . 71 together with Proposition 12. 151 we see 
that tt s /C^(R) = = 7r s /C t ( ^(R) G for s < n. This together with the homotopy 
fiber sequence (|2.32[1 of naive G-spectra shows that the maps 7r s 17°°/C'°^(R) — > 
7r s f2 0O /C^ p _ 1 JR) and TT s n oo IC t ( n p (R) G -> TT s fl°° K. t ( ^'_ 1 ^(R) G are isomorphisms for 
s < n — 1. Together with the corresponding fact for the tower P 2n n°° IC top (M.) 
(which follows from |Dug05, Proposition 3.8]) allows us to conclude the case k = 0. 
Thus the maps P 2 „f2 00 /C' op (R) — > f2°°/C,°?(R) are equivariant weak equivalences 
and we are done. □ 

Remark 2.36. As a consequence the spectral sequence {E p ' q (top)} agrees with Dug- 
ger's for p + q < 0, with the caveat that his indexing conventions differ from ours. 
(Note that Dugger's spectral sequence is fringed and confined to p + q < while we 
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can have non-zero E\' q terms for p + q > 0, as long as q < 0, because our spectral 
sequence is constructed using naive G-spectra). 

3. Conjectures and Computations 

In this section we introduce an equivariant version of Suslin's conjecture on 
morphic cohomology and we show that the complex, real, and equivariant versions 
of these conjectures are all equivalent. Based on this we compute real morphic 
cohomology in weight one, generalizing a partial computation of |Teh08j . We also 
prove a real version of the Bloch-Ogus formula [B074, Corollary 7.4]. This allows 
us to prove that real algebraic equivalence coincides with homological equivalence 
in codimension two for a large class of real varieties. Using these techniques, we 
compute real and equivariant morphic cohomology of certain real varieties which 
together with the spectral sequences constructed in the previous section allows us to 
make new computations of real semi-topological i^-theory in terms of Atiyah's KR- 
theory. As another application of the spectral sequence we give a simple proof of 
the mod-2 Lichtenbaum-Quillen conjecture over R generalizing a proof of Karoubi- 
Weibel |KW03j . 

Recall Suslin's conjecture on morphic cohomology: 

Conjecture 3.1 (Suslin's Conjecture in weight q). Let X be a smooth, quasi- 
projective complex variety. The cycle map 

L«Hi>(X) ^ H* ing (X(C);Z) 

is an isomorphism for p < q and an injection for p < q + 1 . 

We introduce the analogues of this conjecture for real morphic cohomology and 
for equivariant morphic cohomology. Real morphic cohomology is introduced by 
Friedlander- Walker in jF W02aj (for equivariant morphic cohomology see [HV09] ) . 

Conjecture 3.2 (Real Suslin's Conjecture in weight q). Let X be a smooth, quasi- 
projective real variety. The cycle map 

L q HR a+q (X) = L q HR a ' q (X) -> H a ' q (X(C);Z) 

is an isomorphism for a < and an injection for a < 1 . 

Conjecture 3.3 (Equivariant Suslin's Conjecture in weight q). Let X be a smooth, 
quasi-projective real variety. The cycle map 

L q HR a ' b (X) -> H a ' b (X(C);Z) 

is an isomorphism for a < (and a < q, b < q) and an injection for a = 1 (and 
a < q, b < q). 

Theorem 3.4. The following are all equivalent statements: 

(1) Suslin's conjecture is valid in weight q, 

(2) Real Suslin's conjecture is valid in weight q, 

(3) Equivariant Suslin's conjecture is valid in weight q. 

Proof. Recall that if X is a complex variety considered as a real variety, then 
Z q (Xc) = Z q {X) x Z q (X), where G acts by switching the factors. Consequently 
L q HW 1 ' q (X) = L q H a+q (X) when X is a complex variety viewed as a real variety. 
Thus if the real Suslin's conjecture is valid in weight q then Suslin's conjecture is 
valid as well. The real Suslin's conjecture is a special case of the equivariant Suslin's 
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conjecture. We show that the validity of Suslin's conjecture in weight q implies 
the real Suslin's conjecture in weight q and that the validity of the real Suslin's 
conjecture in weight q implies the validity of the equivariant Suslin's conjecture in 
weight q. 

Assume that Suslin's conjecture is true in weight q. For any t > 1, by [HV09 ( 
Corollary 5.11] the map L«im a >«(X; Z/2 e ) ->• H a 'i(X(C); Z/2 e ) is an isomorphism 
for a < and an injection for a = 1. Therefore it is enough to verify the real Suslin's 
conjecture with Z[l/2]-coefficients. For a smooth real variety X, let it : Xc — > X 
be the projection and consider the commutative diagram 

(3.5) 

L k HR a ^{X; Z[l/2}) — ^ L k H a +i(X c ; Z[l/2\) — ^U- L k HR a ^(X; Z[l/2]) 



H a >«(X(C); Z[l/2] ) h:+J,(X(C); Z[l/2]) ff a ^(C); Z[l/2] ). 

The compositions 71*71* = 2 and thus the horizontal compositions are isomorphisms. 
It follows that Suslin's conjecture implies the real Suslin's conjecture. 

Now we assume the validity of the real Suslin's conjecture and conclude that the 
equivariant Suslin's conjecture is valid. Let F q = hofib(Z°(Ac) — » Z^ op (X(C)j) be 
the homotopy fiber of the cycle map. The homotopy fiber construction is equivari- 
ant and so we obtain the equivariant homotopy fiber sequence 

F q -> Z°(A C ) -> Zl p (X(C)). 

The real Suslin's conjecture implies that TTkF^ = for k > q — 1 and also it^F = 
for k > q — 1 (because the real Suslin's conjecture implies Suslin's conjecture). We 
see therefore that r2 9_1 F g is equivariantly contractible for q > 1 and for q — 0, Fq is 
equivariantly contractible as well. It follows that the equivariant Suslin's conjecture 
holds. □ 

Remark 3.6. In general, from Diagram l3.5l we see that if Suslin's conjecture is valid 
in weight k then 

L k HR a ' b (X;Z[l/2}) -> H a ' b (X(C); Z[l/2j ) 

is an isomorphism for a + b < k and an injection for a + 6 < fc + 1. A consequence 
of this observation is the fact that the cycle map 

(3.7) L k HW 1 ' h {X- Z) -> H a ' b (X(C); Z) 

has 2-torsion kernel a + 6 < fc+ 1 and 2-torsion cokernel for any a + 6 < fc, whenever 
Suslin's conjecture is valid in weight /c. Moreover if the above isomorphism extends 
for a + b < k + 1 then the map 13.71 has a 2-torsion cokernel for any a + b < k + 1. 
This remark will be used below in Theorem 13.171 

Corollary 3.8. Let X be a smooth, quasi-projective real variety. Then the cycle 
map 

L 1 HW. a,b (X) ->• H a ' b (X(C);Z) 
is an isomorphism for a < and an monomorphism for a < 1 . 

Proof. By |FL92aj Suslin's conjecture holds in weight 1. According to Theorem 
13.41 this implies that the equivariant Suslin's conjecture holds in weight 1. □ 
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Friedlander- Walker introduce in |FW02a] the equivalence relation of real alge- 
braic equivalence for algebraic cycles on a real variety. Briefly two cycles a, ft on 
a real variety X are real algebraically equivalent provided there is a smooth real 
curve C, two real points cq, c\ in the same connected component (in the analytic 
topology) of C(M), and a cycle 7 on X x C such that a = -f\ Co and j3 = 7| Cl . We 
write A% ae (X) for the group of codimension-g cycles modulo real algebraic equiv- 
alen ce. If X is smooth then A<> ae (X) = LmR^(X) by |dS03b] Proposition 4.6] 
and [HV091 Corollary 4.19]. 

We obtain an improvement of the computation of real Lawson homology of the 
space of divisors given in [Teh08j . 

Corollary 3.9. Let X be a smooth, quasi-projective real variety. Then 
L'ffl'^X) = ff a ' 1 (X(C);r) S i?£ +1 (X(C);Z(l)) 

for a < and 

L 1 HR 1,1 (X) = A). ae {X) ^ H^(X(C);Z) ^ H%{X{C), Z(l)). 

Here Hq(X(C);Z(c[)) denotes Borel cohomology, and Z(q) is the sheaf Z where G 
acts by (-1)9 . 

In particular, real algebraic equivalence coincides with homological equivalence 
for divisors on real smooth varieties. 

Proof. This follows by setting 6 = 1 in Corollary [375] The relation between Bredon 
cohomology and Borel cohomology is a particular case of |HV09[ Proposition 5.17]. 
The last statement is just a reformulation of the monomorphism L 1 HM. 1:1 (X) = 
Al ae (X ) ^ ff 1 'HX(C);Z) and the equality L 1 HM}' 1 (X) = A]. ae (X) is proved in 
[dS03aj and in (HV55] , □ 

Remark 3.10. Notice that L 1 inEt ' 1 (Jf) = for any a < -1 because Z(l)) = 

for any r < 0. In particular, the above computation gives exactly the vanishing 
range obtained in }Teh08] . 

Conjecture 3.11. (2-adic Lichtenbaum- Quillen conjecture) Let X be a smooth real 
variety. For any k > 1 the map 

7r n (K(X);Z/2 k ) 7r n (K(X) hG ;Z/2 k ) 

is an isomorphism for n > dimX — 1 and an injection for n > dimX — 2. 

By [FW02a] Proposition 4.7, Corollary 3.10] this is equivalent to the statement 
that for any smooth real variety X and k > 1, the map 

KR s n st (X;Z/2 k ) ->• kr- n {X{<C);Z/2 k ) 

is an isomorphism for n > dim X — 1 and an injection for n > dimX — 2. 

This was conjecture was verified in some cases by Friedlander- Walker |FW02aj . 
by Karoubi-Weibel [KW03] (in slightly weaker form for varieties with real points) , 
and in general by Rosenschon-Ostvaer IR0O5] . We provide a simple proof of this 
result using Voevodsky's verification of the Milnor conjecture |Voe03] in conjunction 
with the comparison of spectral sequences (12 .3 1[) . 

Theorem 3.12. Let X be a smooth, quasi-projective real variety. Then for any 
k > 1, 

KR s n st (X;Z/2 k ) -> kr~ n (X(C);Z/2 k ) 
is an isomorphism for n > dim X — 1 and a monomorphism for n = dim X — 2 
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Proof. We write E(sst) (respectively E{top)) for the semi-topological (respectively 
the topological) spectral sequence constructed in Section l2~2l and l2~3l We show that 
the map E p ' q {sst) — > E p ' q {top) from (I2.31[) is an isomorphism for p + q < 1 — dimX 
and a monomorphism for p + q = 2 — dim JC Since these spectral sequences are 
strongly convergent, this will yield the result. 

First the case r = 2. Suppose that p + q < 1 — dimX then either p < or 
q < -d. If p < then by |HV09l Corollary 5.10] 

E p ' q (sst) = L- q H p '- q (X;A) -> H p -~ q (X(C);A) = E p ' q (top) 

is an isomorphism (note that if both p, — q < then E2 ,q (sst) = = E^itop)). 
If q < —d then by Corollary 14.21 then E^isst) — > E P ' q (top) is an isomorphism. 
Similarly if p + q < 2 — dimX then either p < 1 or q < —d and we see by [HV09 ( 
Corollary 5.10] and Corollary 14.21 that E^isst) — > E p ' q (top) is a monomorphism. 
Proceeding by induction as in [FHW04, Theorem 6.1] shows that E p ' q (sst) — > 
E p,q (top) is an isomorphism for all r and p + q < 1 — dimX and a monomorphism 
for all r and p + q < 2 — dim X. □ 

Remark 3.13. The above proof is along the same lines as in [KW03 , a key difference 
being that there they use a spectral sequence based on the Borel cohomology of 
X(C). If X(R) ^ (i.e. the G-action on X{C) is not free) then this spectral 
sequence will not converge and in this way the use of Bredon cohomology simplifies 
the situation. 

If we know that Suslin's conjecture is valid for a particular variety then we can 
deduce an integral agreement of real semi-topological X-theory and fcr-theory. 

Theorem 3.14. Suppose that X is a smooth, quasi- projective real variety such 
that the cycle maps L q HW l ' q {X) — > H a,q (X(C);Z) are isomorphisms for any q, 
any a < and injections for a < 1 (in other words X satisfies the real Suslin's 
conjecture). Then 

KW n st (X) -» kr- n (X(C)) 
is an isomorphism for n > dimX — 1 and a monomorphism for n > dmiX — 2. 

Proof. Follows from the comparison of spectral sequences by the same argument as 
in Theorem [3T21 □ 

Corollary 3.15. Let X be a smooth, quasi-projective real surface. Then 

KR s n st (X;Z) -» kr- n (X(C);Z) 

is an isomorphism for n > 1 and a monomorphism for n = 0. 

Proof. This follows from Corollarv l3.9l and Theorem 13. 141 □ 

The following corollary was proved in FW02a ( Corollary 6.9] using different 
methods. 

Corollary 3.16. Let X be a smooth, quasi-projective real curve. Then 

KW n st (X;Z) -> kr- n (X(C);Z) 
is an isomorphism for n > 0. 



Proof. It follows again from Corollarv l3.9l and Theorem 13. 141 



□ 
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In certain special examples of real smooth projective varieties, some of the semi- 
topological invariants can be computed. For example, suppose that X is a smooth, 
projective geometrical rationally connected threefold defined over real numbers or 
that X is generic smooth, projective real cubic of dimension d where 3 < d < 8, 
d ^ 7. Then: 

Theorem 3.17. Let X be one of the varieties from the above list. Then 

L q HR a < b (X) -)• H a ' b (X(C);Z) 
is an isomorphism for a < 1 (and b < q). 

Proof. By |Voi08] and VoiOQ], for X is as in hypothesis, the complexification Xc 
satisfies 

L q H a+b (X c ) = H a+b (X c ) 

for a + b < q+1. By |HV09l Corollary 5.11] L q HR a ^(X; Z/2 e ) ->• H a ' q (X(C); Z/2 e ) 
is an isomorphism for a < and an injection for a — 1 and any £ > 0. In particular, 
we can conclude that the kernel of the cycle map L q HR a > q (X; Z) H a > q (X(C); Z) 
is 2-divisible for any a < 1 and the cokernel is 2-torsion free for any a < 1 (see 
|Voi081 Proposition 3.1]). According to the Remark 13.61 the kernel and cokernel of 
the cycle map for a < 1 and b < q are 2-torsion. This implies that the cycle map 
L q HR a ' q (X] Z) -)• H a ' q {X{<C)\ 1) is an isomorphism for any a < 1. 

Recall that for a based G-space W and fixed value of q > 0, there is a long exact 
sequence relating the non-equivariant and equivariant homotopy groups 
(3.18) 

> TTp+q+lW > Kp.q+lW -> Tr p ,qW > TTp+qW > > T^0,qW > TT q W, 

(the map <fi^ is the forgetful map) . This sequence arises by considering the homo- 
topy cofiber sequence 

Z/2+ -> S° -»• S ' 1 

and the above long-exact sequence is the one induced by the homotopy fiber se- 
quence 

F (S°'\ W)^F (S°, W)^F (Z/2+, W) . 

Applying this homotopy fiber sequence to Z q (Xc) and Z q op (X(C)) we obtain the 

following diagram 

(3.19) 

L q HR a ~ 1 ' b *■ L q H a - 1+b »- L q HR a b " 1 »- L q HR a ' b ^ L q H a+b 



u~a— 1,6 s»- jja—l-\-b ^ja.b—1 j^a,b jja-\-b 

The theorem now follows from the above diagram and reverse induction on b < 
q. □ 

Remark 3.20. Theorem 13 . 1 71 can be extended, using the same ideas, to real smooth 
threefolds and fourfolds with zero cycles on the complexification supported on a 
proper subvariety of dimension less or equal than two. We also remark that equi- 
variant Suslin's conjecture holds for these varieties and those from Theorem 13. 171 
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Our next results will involve the coniveau spectral sequences for real morphic co- 
homology and for Bredon cohomology. We make use of CTHK97] for these coniveau 
spectral sequences. Let Y C X be a closed subvariety, with open complement 
U = X — Y. Let Z q {X c ) Yc = honb(Z9(X c ) ->• Z*(U C )) and define the equivariant 
morphic cohomology of X with support on Y by L q HM3 t T a " q ~ h {X) = i: a ^Z q {Xc)Y c - 
Similarly, H Y ~^ q ~ b (X (C); Z) = H q - a ' q - b (X(C), [/(C); Z) denotes the Bredon co- 
homology with support on Y(C). The generalized cycle map extends to a map on 
cohomology theories with support $ : L 9 £m^*(X) -> H Y j c) (X(C); Z). The fol- 
lowing lemma makes explicit that both theories satisfy all the properties required 
in order to make use of the results of [CTHK97] . 

Lemma 3.21. Real morphic cohomology and Bredon cohomology are homotopy 
invariant cohomologies that satisfy Nisnevich excision. 

Proof. Both theories are homotopy invariant. That real morphic cohomology sat- 
isfies Nisnevich excision follows from the fact that motivic cohomology does. To be 
explicit, let 

v — *-r 



u { — >■ X 

be a distinguished Nisnevich square. Let A4^(—) be the presheaf of spectra on 
Sch/R from section [2TT1 which computes motivic cohomology (so that x 
A* op ) computes real morphic cohomology). The commutative square 

M {q) {X x W) ^M (q) (Y x W) 

M (q) {U x Wf >-MM(V x W) 

is homotopy cartesian whenever W is smooth. Let J-(W) and Q(W) denote the 
homotopy fibers of the top and bottom horizontal arrows. By Proposition 12.151 
T(/S.* op ) — ► ^(A* ) is a weak equivalence. By Proposition 12.161 we see that these 
are the homotopy fibers of the horizontal arrows in the diagram 

M<*\X x A' ) M^(Y x A' ) 



MW{U x A' top f *M®(V x A' top ). 

It follows that real morphic cohomology satisfies Nisnevich descent. 

That Bredon cohomology satisfies Nisnevich descent follows from the fact that 

V(C) ^ F(C) 



is an equivariant homotopy pushout diagram of G-spaces (see for example |DI04) ) . 

□ 
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We will use below the following lemma that proves the local vanishing for equi- 
variant motivic cohomology. 

Lemma 3.22. Let R = Ox xi,... x n ^ e a semi-local ring of a smooth real variety X 
at the points x±, . . . , x n e X. Then L s HR a ' s (Spec R) = if a > 0. 

Proof. Let M.^ be a presheaf computing weight-s motivic cohomology (for example 
the presheaf from Section l2~Tj) . If R is as in the statement of the lemma, then 
mM^(SpecR) = H%- l (SpecR;Z(s)) = for i < s. By TheoremdHwe see that 
the simplicial abelian group (d i-> n iM.^ (Spec R Af op )) is contractible for all 
i < s. Applying the spectral sequence for a simplicial spectrum |Jar97l Corollary 
4.22] shows that ^.MR^i (Specif) = L s HR 3 -^ (Spec R) = for i < s. □ 

We now prove a real analogue of the Bloch-Ogus formula [BOfH Corollary 7.4]. 
Namely for a smooth quasi-projective real variety X we show that H^ ar (X, H°' p ) = 
A p ae (X), where U a - b is the Zariski sheafification of the presheaf U i-> H a > b (U(C);Z) 
and A p ae (X) is the group of codimension-p cycles modulo real algebraic equivalence. 

Observe that by |HV09| Proposition 5.17] and }dSLF04| Proposition 1.15], the 
sheaf T-L°' p agrees with the sheafification of the Borcl cohomology presheaf U >-} 
Hq(U(C); Z(p)) (where Z(p) is the G-module Z with action given by multiplication 
by (— l) p ). Thus the following theorem may be seen as an integral extension, for 
real varieties, of the Bloch-Ogus formula for etale cohomology with finite coefficients 
[BO 741 Theorem 7.7], because Borel cohomology with finite coefficients agrees with 
etale cohomology with finite coefficients for real varieties |Cox79] . 

Theorem 3.23. Let X be a smooth quasi-projective real variety. There is a natural 
isomorphism 

H p Zar (X,H <t>)=AP ae (X). 

Proof. Let X^ p ' denote the set of points x £ X whose closure has codimension p. 
If H* is a cohomology theory with supports, define H].(X) — colim;ycA" H^ nU (U) 
and H l (k(x)) = colimucx H l (U) (where in both colimits, U ranges over nonempty 
opens). By jCTHK97l Corollary 5.1.11] if H is homotopy invariant and satisfies 
Nisnevich excision then for a smooth quasi-projective X, the coniveau spectral se- 
quence E p ' q = ® xeX (p)H p+q {X) => H p+q (X) has £ 2 -term given by H p ar (X; %*), 
where H q is the sheafification of the presheaf U n- H q (U). The associated filtration 
is F p H n (X) = UzLm(Hz(X) H(X)), where the union is over closed subvarieties 
ZCXof codimension p. 

Equivariant morphic cohomology and Bredon cohomology satisfy these proper- 
ties by Lemma 13.211 and using Lemma 14.31 the coniveau spectral sequences can be 
written as 

E p ' q (k,b) = L k - p HR q ' b - p {k(x)) =^ L k HR p+q ' b (X) 

and 

Ef' q (b)= H q < b - p (k(x);Z) =^ H p+qM (X(C);Z), 

and the E 2 terms are respectively given by E P ' q (k,b) — Hz ar (X; C h HR q ' b ) and 
E P ' q (b) = H p Zar (X;H q ' h ). Observe that F P L P HW' P (X) = L P HW' P (X) (and 
F P+1 L P HR P - P {X) = 0) and so £&°(p,p) = L P HR P ' P (X). 
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In fact we show that we have E P '°(p,p) = L P HM. P > P (X). By Lemma GL22] 
we see that £f~ r ' r ~ 1 (>,p) = ® xeX(p - r - ) L r HW r - 1 ' r (k(x)) = for r > 1. Also 
E P+r '- r+1 (p,p) = if r > 1. We conclude that E P '°(p,p) = E^°(p,p), and there- 
fore ff| ?r (X, £fm ^) - A p rae (X). 

Consider the commutative diagram 



® xex(p - 1} H^{k(x)-Z) © xex(p) 0, 

the cohomology of the top row computes H p Zar {X : C pr HM?' p ) and the bottom com- 
putes H Zar (X, %R 0,P ). The right vertical arrow is an isomorphism and by Corollary 
13.91 the left vertical arrow is also an isomorphism. Therefore 

A p ae (X) = H p ar (X;C p HU°' p ) -> H p ar (X;H°' p ) 

is an isomorphism. □ 

We can now prove a real analogue of a result due to Bloch-Srinivas BS83 . 

Theorem 3.24. Let X be a smooth projective real variety of dimension d. Suppose 
that there is a closed subvariety V C X^ with dim V < 2 such that C Hq(Xc\V) = 0. 
Then 

L 2 HM. 2 ' 2 (X) = A 2 rae (X) <^> ii^ 2 pf (C);Z), 

so that real algebraic equivalence on X in codimension 2 agrees with homological 
equivalence. 

Proof. We use the same notations as in the previous theorem for the coniveau spec- 
tral sequence for Bredon cohomology. We know that E^°(2) = F 2 H 2 - 2 (X{C);T) 
because F 3 H 2 < 2 (X(C);Zl) = 0. Because E p ' q (2) = if q < 1 and p > 2 or if p < 
we see that E 2 /{2) = E 2 J{2) = F 2 H 2 ' 2 (X(C);Z) C H 2 ' 2 (X(C); Z). We thus have 

the exact sequence E° A {2) % E 2 '"(2) -> E 2 -°(2) C H 2 ' 2 (X(C);Z) which is the 
exact sequence 

H° Zar {x,n^) -> ij| ar (x,H - 2 ) ^ ff 2 - 2 (x(c),z). 

The cycle map $ induces the comparison of coniveau spectral sequences which 
together with the preceding theorem and its proof gives us the commutative diagram 

£ 2 2 '°(2,2) = H 2 Zar (X,C 2 HR - 2 ) E%?(2,2) = L 2 HR 2 > 2 (X) 

^2'°(2) = H 2 Zar (X,H°- 2 ) E 2 J(2) C iT^(X(C);Z). 

We see that under the identification H Zar (X, H ' 2 ) = A 2 (X) rae the map a is 
identified with the cycle map and so the result will follow from showing that 
H Zar {X,H^ 2 ) = 0. Let U k csing denote the sheaf U ^ H* mg (U(C); Z). With 
Z [1/2] -coefficients the composition induced by the map ir : Xc — > X 

H Zar (X,n^ 2 [l/2}) ^H Zar (X c ,(H 3 csing )[l/2]) ^ H Zar {X,n l ' 2 [l/2]) 
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is an isomorphism. Since H^ ar {Xc,{Hl sing ){l/'i\) — for a variety X satisfying 
the condition from hypothesis (by the proof of |BS83[ Theorem 1(h)]) it is enough 
to show that H^ ar (X, H 1 ' 2 ) is 2-torsion free. Write C q HM!^^ 2k for the sheafification 

of U h-> L q HM. a,b (U;Z/2 k ) and similarly for H^ 2k . Consider the comparison of 
short exact sequences 

£ 2 HM.°> 2 ® Z/2 k £ 2 fflJ 2t Tor^HR 1 ' 2 , Z/2 k ) 

I 

H 2 ® Z/2 fc Wj 2 2l *~ ToriU 1 ' 2 , Z/2 fe ) 0. 

The map £ 2 ^'L -> %M£'L is an isomorphism by [HV09I Corollary 5.13] and 

£ 2 KM 1,a = by Lemma[321 We conclude that Tor(U ia , Z/2 k ) = and we are 
done. 

□ 

Because all the real varieties from Theorem 13 . 1 71 fulfill the condition of Theorem 
13.241 we can use Theorem 13.241 to improve the range of indexes in Theorem 13.171 
We will restrict to the case of real geometrically rationally connected varieties of 
dimension 3, although the same type of arguments and computations can be done 
for more general varieties that fulfill the condition from Theorem 13.241 

Corollary 3.25. Let X be a smooth projective real geometrically rationally con- 
nected threefold. Then 

L q HR a ' b (X) ->• H a ' b (X(C);Z) 

is an isomorphism for a < q (and b < q) and a monomorphism if a = q (and 
b < l)- I n particular, all equivariant morphic cohomology groups of X are finitely 
generated. 

Proof. Write F q = hofib(Z 9 (X c ) -> Map(X c (C), Z (A q c ))) for the homotopy fiber 
of the cycle map. The homotopy fiber construction is equivariant and yields an 
equivariant homotopy fiber sequence 

F q -»• Z q (X c ) -> Map(X c (C), Z Q (A q c )). 

Applying Theorem EOH and Theorem lBTTTl we obtain that 7r* (F g G ) = 0. From |Voi08] 
we have that Tr*(F q ) = 0. We conclude that F is an equivariantly contractible 
space. Applying the long exact sequences for the above equivariant homotopy fiber 
sequence we obtain that ir ^ p (Z q (Xc)) 7r 0iP (Map(Ac(C), Z (A^,))) for any p > 
and that TT qtP (Z q (X c )) ~ 7r' 9>p (Map(X c (C), Z Q (A q c ))) for any q > andp > 0. This 
concludes the statement of the corollary. □ 

The following corollary computes the real semi-topological K-theory of a real 
geometrically connected variety. 

Corollary 3.26. Let X be a smooth projective real geometrically rationally con- 
nected threefold. Then 

KR s st (X;Z) ^ kr°(X;Z) 

and 

KR sst {X-Z) kr~ p (X;Z) 
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for any p > 1. 

Proof. This follows from the previous corollary together with a comparison of spec- 
tral sequences constructed in the previous section (see I2.31|) . □ 

4. Compatibility of Poincare Dualities 

The main result of this section asserts that the Poincare duality proved in (HV09 
between the equivariant morphic cohomology and Dos Santos's equivariant Law- 
son homology for a smooth, projective real variety is compatible with the Poincare 
duality in Bredon homology and cohomology of a compact real manifold (see The- 
orem 0TT]). The method used here is similar to that of |FL97j where Friedlander- 
Lawson show that the duality between morphic cohomology and Lawson homology 
for smooth projective complex varieties is compatible with Poincare duality between 
singular cohomology and homology. An important consequence of this compatibil- 
ity is Corollary 14.21 which is proved below and is needed for our applications in 
section [3] of the spectral sequence constructed in this paper. 

Let X be a smooth real variety of dimension d. There are generalized cycle 
maps $ : L q HM. a ' b (X) — > H a ' b (X(C);Z) relating equivariant morphic cohomology 
and Bredon cohomology (see |FW02al IHV09 ) . The equivariant Lawson homology 
defined by dos Santos (dS03aj comes equipped with operations s : L q HR a fi{X) — > 
L q -xHW a j,(X). In particular, iterating the s-map together with the equivariant 
Dold-Thom theorem [dS03b] ILF97] defines the generalized cycle map ^> — s q : 
L q HR aib (X) -> L HR a , b (X) = ff 0j6 (X(C); Z). 

A real n-bundle over a G-space W is a complex n-plane bundle tt : E — > W 
together with an involution r : E — > E covering the involution a : W — >• W. A 
G-manifold is called a real n-manifold if the tangent bundle is a real n-bundle over 
W , with involution given by da. A real n-manifold W has a fundamental class 
[W] £ H n>n (W;Z) and satisfies Poincare duality f |dSLF04j . |LMSM86j 1. 

[W] n - : H™(W-T) ^ H n - p<n ^(W;Z). 

The following is the main theorem of this section, whose proof we postpone until 
the end of the section. 

Theorem 4.1. Let X be a smooth, projective real variety of dimension d. The 
following square commutes for all k,l < q, where the horizontal arrows are the 
Poincare duality isomorphisms 

L q HM k < l (X) L d ^ q HR d - k , d -i(X) 

H k > l (X(C),Z) -£->■ ff d _ M _K^(C),Z)- 

We make use of cohomology with supports in the proof of Corollary 14.21 below. 
The definitions of these are recalled prior to Theorem 13.231 

Corollary 4.2. Let U be a smooth, quasi-projective real variety of dimension d. 
Then the cycle map 

$ : L q HM. a - b (U) -> H a - b (U (C);Z) 
is an isomorphism for q > d (and a < q, b < q). 
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Proof. If U is smooth and projective this follows immediately from Theorem 14.11 
together with the fact that the map Ld- q HM.d- a ,d-b(U) — > Hd- a ,d-b(U(C),^) is 
an isomorphism for any q > d. 

Reverse induction on b, together with the diagram (|3.19[) and the corresponding 
result for morphic cohomology of complex varieties, shows that in order to prove 
the general result we may assume that b = q. We proceed by induction on dim U 
to show that $ is an isomorphism whenever q > dim U and U is smooth and 
quasi-projective. 

The case dim U = is done and so we may assume that the result is valid for 
all smooth quasi-projective U , with dim U < d. Let U be a quasi-projective real 
variety with dim U = d and let U Clbea smooth projective closure with closed 
complement ZCI (we may assume that U is connected so that dimZ < dimJJ). 
First we argue that L q HRy^(X) — > if^Lg(X(C);Z) is an isomorphism for q > d 
and a < q whenever W C X is a proper closed subvariety. Using Lemma [4731 below 
we find that it is an isomorphism whenever W is smooth. In particular the case 
dimPF = is done and we proceed by induction on dim IF. Let W s C W be the 
singular locus. Since dim W s < dim W we have by induction that L q HR°^ (X) — > 
H^^(X(C)) is an isomorphism for q > d and a < q. Considering the comparison 
of long exact sequence 

— L q HR a w q s (x) ^ Lmm^{x) L q HR a w \ Ws (X \ W s ) ^ 



■ H vv s {C)i X ^)) *- #w(C)(^( C )) *- H (W\W S )(C) 

((X\W.)(C))_^, 

together with Lemma 14.31 below and the inductive hypothesis, we see that for q > d 
and a < q the map L q HR a ^\ Ws {X \ W s ) -> H^ Wgm ((X \ W S )(C)) is also an 
isomorphism. We conclude that L q HM^y l (X) — > H^ C -.(X(C)) is an isomorphism 
for q > d and a < q and any closed, proper subset W C X (for the case a = q 
observe that L q HR^\ Wg {X \ W s ) = = ff ( a ^ Ws)(c) {{X \ W S )(C)) because q > 
d > dimW\W s ) . 

Now from the comparison of long exact sequences 

^ L q HR a z q (X) ^ L q HR a - q (X) L q HR a - q (U) ^ 



> H°f c) (X(C)) > H a >i(X(Q) H a > q (U(C)) ^ 

we see that L q HR a ' q (U) -> H a - q (U(C); Z) is also an isomorphism for q > d and 
a < q (for the case a = q, note that L q HR q ' q (X) ->■ L q HR q ' q {U) is surjective and 
H^h q (X(Q) = by Proposition [2727] and the lo ng exact sequence for cohomology 
with supports, because 2q + 1 > dimX(C)). □ 

Lemma 4.3. Let X be a smooth, quasi-projective real variety and let Z C X 
be a smooth closed subvariety of codimension c. There are natural isomorphisms 
L q - c HR a - c > b - c (Z) L q HR a /(X) and H a - c > b - c (Z(C);Z) (X(C); Z) 
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which fit into the commutative square 

L q-c HR a-c,b-c( Z \ 



H a - c ' b - c (Z(C);Z) 



■ L q HM. a z b (X) 



H a z f C) (X(C);Z). 



Proof. Let N denote the normal bundle of Z C X. We consider Z as a closed 
sub-variety of iV via the zero-section. The lemma will follow by seeing that we have 
the commutative diagram 



L«- c HR a 



—c,b—( 



(Z) 



L c 'HR a /(N) 



L q H] 



If 



(X) 



■b-t 



(2(C); Z) 



H 



^ ( & c) (iV(C);Z) 



H a z f c) (X{C);Z) 



The first horizontal arrows are Thorn isomorphisms and the second horizontal ar- 
rows arise from the deformation to the normal cone. 

We apply the results of |Pan03j . To put ourselves in the context of this paper 
we consider the total equivariant morphic cohomology and Bredon cohomology: 
(Bq, a ,bL q HM. z ' b (X) and ® a ,bH z '(c)(X (C);l, ). These are cohomology theories in the 
sense of |Pan03[ Definition 2.1], which amounts to saying these are homotopy in- 
variant, satisfy Nisnevich excision, and have localization exact sequences. Both 
equivariant morphic cohomology and Bredon cohomology clearly satisfy the first 
and third property, and the excision property is made explicit in Lemma 13.211 As 
shown in Pan03, Theorem 2.2] the deformation to the normal cone yields natu- 
ral isomorphisms hz{N) hz(X) for any cohomology theory h(-). The maps 
involved in this isomorphism preserve the gradings and therefore we obtain the 
right-hand commutative square in the diagram above. 

Now we need to see that $ is compatible with Thorn isomorphisms (which Panin 
calls an orientation |Pan031 Definition 3.1]) in both theories. By Pan03, Theorem 
3.35, Theorem 3.5] in order for L*HM*'*(— ) to have Thorn isomorphisms it is 
enough to see that it has a Chern structure |Pan03[ Definition 3.2] which amounts 
to having first Chern classes for line bundles which satisfy a naturality condition, a 
projective bundle formula for IxP 1 , and vanishing on trivial line bundles. These 
are easily deduced from the corresponding properties for motivic cohomology (over 
C and over R), Theorem 12. 141 and the fact that equivariant morphic cohomology 
may be computed using the complex z eg „i(Ap, 0)(Xc Xc A* op ). Moreover the Thorn 
isomorphism for E is given by cupping with a Thorn class th(E) [Pan03[ Lemma 
3.33] and keeping track of gradings we see that th(E) G L n HW 7 ^ n (E) where E is 
an n-plane bundle. 

In |dSLF04l Proposition 1.13] it is verified that Bredon cohomology has Thorn 
isomorphisms for real bundles (in the above sense). In particular Bredon cohomol- 
ogy viewed as a theory on Sm/M. has Thorn isomorphisms. To see that the natural 
transformation <E> is compatible with the Thorn isomorphisms in suffices to see that 
$(//) G H^ C) {E{C)) is a Thorn class whenever [i G L n HM% n {E) is a Thorn class. 
By the description of the Thorn class given in [dSLF04 ( Proposition 1.13], it suffices 
to see that for any closed point i : x «->• X the restriction is a generator of 
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H*'*(i*E(C);Z). Note that i*E = AJ| or Ag depending on whether k(x) = M, or 
C. In both cases <I> : L* HM.*'* (i* E) -> H*'^(i* E(C);Z) is an isomorphism and we 
are done. □ 

Let X be a quasi-projective real variety and Y a projective real variety. The 
cap-product pairing ( |FW01b[ Proposition 1.6], |FL92b[ Theorem 7.2]) 

C S (X C ) x Mor(X c , C r (Y c )) -+ C r+s (X c x c Y c ) 

is defined by sending a pair (/, Z) to the graph of the composite function Z 
Xc — > C r (Yc). This pairing is G-equivariant and by |FW01b| Theorem 2.6] it 
induces a continuous pairing 

C s (X c ) an x Mor(X c , C r {Y c )) an -> C r+s {X c x c F c ) an , 

which in turn induces the continuous equivariant pairing 

n : Z r (X c ) A Mor(X c , Z (A«)) -> Z r (X c x c A«), 

where for typographical convenience here and below we write 

Mor(X C) ZoW) = Mor(X C; C (P«))+ 
C " Mor(X c , C (Pr 1 ))+ 
We also denote by n the induced pairing, 

n : L p HR s>t (X) ® L'flm*' 1 ^) -)• V,M s _ t , t _,(J). 

When X is irreducible of dimension d, the d-cycle Xc C Xc defines the fundamental 
class 

Tlx E TT 0fi Z d (X c ) = L d HR dtd (X c ), 
and cap-product with the fundamental class gives a map 

rj x n - : L q HR k ' l (X) -> Ld-^Rd-M-^X), 

which is the Poincare duality isomorphism. 

For a G-space W, define the equivariant pairing n to be the composition 

n : Z (W) A F (W, Z (S d >%) Z (W^) A Z (S d ' d ) A Z (^ A S d > d ) 

where the first arrow is defined by (x, /) H > (x, f(x)) and /i is the map induced by 
(x, y) x Ay. Together with the suspension isomorphism in Bredon homology this 
defines a pairing 

n : H s<t (W;Z) ® H k ' l (W;Z) -> ff s+d _ M+d _; (W A 5 d ' d ;Z) = fl._ fc) t-jfc(W;Z). 
Remark 4.4. The pairing 

Z (Xc)AMor(Xc, Z (A C )) -> Z (X C )AF (X(C), Z {S™) ) A Z (X(C)+A^ d ) 

agrees with the pairings n under the isomorphism Zq(X(C)+ A S ' )q — Zq(Xc X-c 
A d ). 

The following is merely a rephrasing of [dSLF04 ( Proposition 1.14]. 

Proposition 4.5. dSLF04, Proposition 1.14] Let W be a smooth compact G- 
manifold of dimension d and let [W] G fld,d(W;Z) denote its fundamental class. 
The map [W] n — defined above agrees with cap-product ( in Bredon cohomology and 
homology) with [W] 

[W] n - = [W] n - : H k ' l (W;Z) -> ff d _ M _,(W;Z). 
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We finish our discussion of pairings by showing that the pairings n and n are 
compatible under the natural transformations $ and VP. 

Proposition 4.6. Let X be a smooth projective real variety. The diagram 



n ofi Z d {X c ) ® ^ fc ,zMor(X c , Z ( A c)) 



itk,iZd{Xc x c Ac) 
I* 



7r 0:0 ^ d Z (X(C)) ® 7r M Map(X(C), Z (S d ' d ) ) 7r M ft<«Zo(X(C) + A S d - d ) 
commutes. 

Proof. Consider the following diagram 

P^/P^ 1 A Z d (X c ) A Mor(X c , Z (A d )) -^*- P^/P^ 1 A Z d (X c x c A d ) 



ia n 



Z (A d )AZ d (X c x c A d ) 



Z (A& A Z d (X c ) A Mor(X c , Z (A^)) 
Z d (A d x c X c ) A Mor(X c , 2b (Ag)) 

1A7T* 

Z d (A^ x c X c ) A Mor(Ac x c X c , Z (A^)) 2-*- Z d (Ag x c X c x c A d ) 

7T* ATT* 7T* 

Z (X C ) A Mor(X c , Zo(Ag)) Z (X C x c A d ) 



1A* 



Z (X(C)) A Map(X(C), Z (S d > d ) ) 



Z a (X(C)+ A S d < d ) 



Here u is the map induced by sending x G Pc to x — oo G Z p (Pc)o and /z is induced 
by (x, V) i-> {x} x V. The composition of the left vertical maps induces (by taking 
an adjoint) the map VPcgxfr and the adjoint of the right vertical compositions induces 
the map \& = s d . Thus to establish the proposition it is enough to establish the 
commutativity of this diagram. 

The first square of this diagram is evidently commutative. Denote the graph of 
a morphism g : W c -> Co(Pc) by T(g) G Z d {W c x c P&). Let a G P^ and / : X c -> 
C (¥ d ). The equality of graphs {a} x r(/) = r(/7r| {a}xX ) G Z d (A d x c Xc x c A d ) 
establishes the commutativity of the second square. Similarly for the third square. 
The fourth square is commutative by remark [4.41 □ 



The first step towards proving Theorem 14. II will be to reduce to the case q = d. 
For this we need to introduce the equivariant analogue of the s-map in morphic 
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cohomology. Consider the commutative diagram 

Mor(X c , C (Pg.))+ ? MorjXc, C^ 1 ))^ 



Mor(X c , CoiH- 1 ))' 



Z d (X c x c A?) 



Mor(X c , Ci(P£))+ 



2 rf+ i(X c x c A« +1 ) 



where Sjl denotes the algebraic suspension map. By |HV09[ Corollary 4.20] the ver- 
tical maps are equivariant homotopy equivalences, by the real analogue of Lawson's 
suspension theorem proved by Lam |Lam90] (see [LLFM03]) the bottom horizon- 
tal map is an equivariant homotopy equivalence. We conclude that the the upper 
horizontal arrow is a homotopy equivalence. Let S^ 1 denote a choice of homotopy 
inverse to this map and consider the following composition 



Mor(X Cl Z (A q c )) A ZoiP^o A Moy(X c , Zi(A£+ 2 )) Mor(X c , Z (A q c +1 )). 

Define the s-map in equivariant morphic cohomology 

s : L q HR°" b (X) -> L q+1 HR a ' b (X) 

to be the map induced by this composition together with a 6 ^i.i^c where the 
map a : S 1 ' 1 = Pj- — > Zo(P^)o is defined by x i— >■ {x} — {oo}. Observe that under 
the duality morphism, the s-map in equivariant morphic cohomology is compatible 
with the s-map in dos Santos' equivariant Lawson homology in the sense that we 
have a commutative diagram 



L q+1 HR a ' b (X) 



Ld-q-qHR,l-a,d-b{X). 



(4.7) L q HR a ' b (X) 



Ld-qHRd-a,d-b(X) — 

Proposition 4.8. The transformations $ are compatible with the s-maps in the 
sense that 

LiH p ' r (X) s —^ Li +1 HP> r (X) 



commutes. 

Proof. The space Zk(A^.) has the equivariant homotopy type of an equivariant 
Eilenberg-MacLane space K(Z, R q - k ' q - k ). By |dS03aj the join pairing 

Z (A£) A Zo(A^) *, Z^A^ 1 ) <5 Zo(A^) 

represents the cup product pairing in Brcdon cohomology. 
Consider the homotopy commutative square 

Mor(X c , Co(Pg)) + ! # Mor(X c , Ci(Pg +2 ))+ ^ Mor(X c , Cq(P£ +1 ))+ 

Mor(X c , C (Pr 1 ))+ C Mor(X c , d(P^ +1 ))+ Mor(X c , C (¥ q c )) + 



Mappf(C), Z„(A q )) A2 (P 1 )o^Map(X(C), 2i(A 9+2 ))^ 



1* 

Map(X(C), £ (A 9+1 )) 
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Let a : S 1 ' — P^ — > Zo(Pp)o be the map defined by x *-> {x} — {oo}. The map 
a represents the canonical generator of 7Ti ! i2'o(P 1 )o = Z. The upper horizontal 
composition restricted to a induces the s-map on equivariant morphic cohomology. 
On the other hand the bottom horizontal composition restricted to a induces the 
identity because it represents the product with a G H 0,0 (pt;Z) = Z and a is the 
canonical generator of this group. □ 

The Poincare dualities T> and V are both given by capping with a fundamental 
class. We verify that the transformation \& takes fundamental classes in equivariant 
Lawson homology to fundamental classes in Bredon homology. The cycle map 
eye : Zd{X) — > Hd,d(X (C);Z) sends an irreducible closed subvariety i : V C X to 
cyc(V) = i*[V(C)} e H d , d {X{C);Z). 

Lemma 4.9. Let X be a projective real variety. The composition of s -maps together 
with the Dold-Thom isomorphism 

* : L k HR k± {X) -> JT M (X(C);Z), 

coincides with the cycle-map V H > [V(C)]. 

Proof. The proof is the similar to [FM941 Proposition 6.4]. Let V C X be a closed 
irreducible subvariety of dimension A; and i : F -> F C I be a resolution of 
singularities. Then i*r\ v — [Vc Q Xc] 6 L k HR k , k (X). By Noether normalization 
there is a dominant map / : V -> P| of some degree d. Consider the commutative 
diagram 

L k HR kM {¥ k ) L k HR k , k (V) L k HR k>k (X) 

H Kk (P k -Z) H k , k (V(C);Z) — ^ tf fe , fe (X(C);Z). 

The map * : L fe im fe , fe (P fc ) -> H k , k (F k (C); Z) is an isomorphism |dS03aj . f^p*) = 
pP fc (C)], and/^y) = d-r/p* £ L fc i?li: fc , fc (P*). Note that F°'°(F(C); Z) ^ Z because 

i?°'°(V(C);Z) * H° ing (V(C)/G;Z) Si Rom(H {V(C)/G;Z), Z)=Z 

and so by equivariant Poincare duality we have H k ^ k (V(C);Z) = Z generated by 
the fundamental class |V(C)]. 

If we see that /* : H kjk (V{C);Z) -> iJ fejfe (P fe (C); Z) is multiplication by d we are 
done. Indeed if /* is multiplication by d then it follows that \P takes the natural 
generator rjy of L k H k , k (V(C);Z) = Z to the generator [V(C)] of i? fe , fe (y(C); Z) = 
Z. 

The fact that this map is multiplication by d follows from the commutative 
square 

H k AV(C)-Z) *H 2k (V(C);Z) 



ff M (P fe (C);Z) jr 2fc (p*(C);Z), 

where the horizontal maps are the forgetful maps and send the equivariant funda- 
mental class to the non-equivariant fundamental class. □ 
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We also need to know that the homotopy invariance in equivariant Lawson ho- 
mology and the suspension isomorphism in Bredon homology are suitably related. 
First recall that the suspension isomorphism is given by the following explicit map 
of spaces. 



Lemma 4.10. (|LF97, Remark 2.14],) The suspension isomorphism cf> is induced 
by the adjoint of the map 

S d - d A Z (W) Z (S d > d ) A Z (W) A Z (S d - d AW+) A Z (W+ A S d < d ) , 
where the first map is the map u(x) = {x} — {oo} . 
Proposition 4.11. Let X be a smooth, projective real variety. Then 

Z d (X c x c A d ) Z (X C ) 




n d ' d z (x(c)+ AS d > d ) 

is homotopy commutative. 

Proof. By adjointness, the homotopy commutativity of the triangle follows from 
the homotopy commutativity of the following diagram: 

P^/P^ 1 A Z d (X c x c A d ) P^/P^ 1 A Z (X C ) 



uxl 



Z (A d )AZ d (X c x c A d ) 



Z d (A c x c X c xAj) 



1A7T* 



Z (A d ) A Z (X C ) 



Z (Af. x c X c ) 



Z Q {X C x c A d ) 

Here ni : A^ x c X c x c A^ ->■ A^ x c X c and tt 2 : A^ x c X c x c A^ ->• X c x c A^ 
are the projections, (i is multiplication, and r is the twist isomorphism. The left 
vertical composition induces the s-map and the right vertical composition induces 
the suspension isomorphism <j). The first two squares evidently commute. The two 
maps T7Ti and Ti2 ■ A^ Xc Xc X C ~* X C Xc are homotopic via 

F:A c x c X c x c A^ x c A c -> A^ x c X c , 

where F(a, x, b, t) = (ta+ (1 — t)b, x), and therefore 7t|t* and are homotopic. □ 



We now prove the compatibility 



(Theorem 14. ip . Let X be a smooth, projective real variety of dimension d. The 
following square commutes, where the horizontal arrows are the Poincare duality 
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isomorphisms 

L*HR k < l (X) — 
<i> 

H k ' l (X(C),Z) - 

Proof. Proposition together with the commutativity of diagram (|4.7p shows that in 
order to prove the theorem it suffices to consider the case q — d and to prove that 
the following square commutes 



Ld- q HK.d-k,d-i{X) 
ff d _ M _i(^(C)»Z)- 



L d HW l - 



k.d-l 



(X) = 7T M Z d (X C ) 



<I> 



(X(C),Z) 



ir ktl Z (X c ) = L HR k j(X) 
^H k ,i(X(C),Z). 



In this case the map ^ is simply the Dold-Thom isomorphism. 
Consider the following diagram 



7r fe>i Mor(Xc, 2b(Ag)) 



7r feji Map(X(C), Z (^ d )oj 



[x(C)]n- 



■Tr kd Z d (X c x c Ac) ■ 



~K k jZ (Xc) 



■ir k<l Z {X(C)). 



The upper-composition is the Poincare duality isomorphism between equivariant 
morphic cohomology and equivariant Lawson homology and by Proposition ^. 51 the 
composition along the bottom row is the Poincare duality isomorphism between 
Bredon cohomology and homology. 

The first square commutes by Proposition 14.61 together with Lemma 1431 and the 
second square commutes by Proposition 14. 1 ll □ 



Appendix A. T-spaces 

We recall Segal's notion of T-space, introduced by Segal in |Seg74], where he 
showed that such objects give rise infinite loop spaces. Let n be the pointed set 
n = {0,l,2,...,n}, pointed by 0. The category r op is the category whose objects 
are n for n > with pointed set maps (r op is equivalent to the opposite of the 
category T considered by Segal). A T-object in a category C is a functor F : T op — > 
C. Generally C will be a pointed category in which case we additionally require 
that F(0) — *, When C is the category of spaces or of simplicial sets then we refer 
to a T-object F as a T-space. A T-space is said said to be special if 

(pi„... ,*>„,) :F(n)^F(ir n 

is a weak equivalence, where pi : n — > 1 is the function Pi(i) = 1 and Pi{j) = if 
i / j. If J 7 is a presheaf of special T-spaces then we will say that T is special. 

Given a special T-space F one can associate a spectrum, which we denote by S>F. 
First note that a T-space F is in particular a bisimplicial set (or simplicial space) 
n F(n). Write BF for the classifying T-space defined by 

BF(m) = \n H> F(m A n) \ , 
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here m A n is identified with mn via (i, j) i— ^ n(i — 1) + j. For a T-space A there is 
a natural map S* 1 A ^4(1) —> BA(1). The spectrum associated to F is obtained by 
evaluating iterated classifying spaces of F: 

SF = (F(l), BF(1), B 2 F(1), . . .). 

By |Seg74| the fact that F is special implies that BF is special, that B k F(l) — ► 
fii^'i^F) is a weak equivalence for > 1, and that — > £IBF(1) is a homotopy 
group completion. 

Now suppose that G — 1/2 acts on the T-space F and that both m h-> F(m) 
and m i— ^ F(m) G are special. Say that such a T-space is equivariantly special. 
Realization of a simplicial space commutes with taking fixed points and therefore 
we immediately conclude the following proposition. 

Proposition A.l. Let F by an equivariantly special T -space and SF the associ- 
ated Q-spectrum. Then the naive fixed point spectrum (SF) G is the Q-spectrum 
associated to the fixed point T -space n *-> F(n) G . 

Appendix B. Globalization 

We recall the Godement resolution which gives an explicit model for computing 
the Zariski hypercohomology of X with coefficients in a presheaf of spectra |Tho85] . 
A particularly useful property of this resolution is that it behaves appropriately with 
respect to the Galois action of Gal (C/M). 

Suppose that F(— ) is a presheaf of fibrant spectra on Sch/M.. The Godement 
complex F(— ) — > G'F(-) is defined as follows. Let 

GF(U) = H F(SpecOu, a ) 

ueu 

then define G n F = G o • • • o GF to be the (n + 1 )-fold composition of G. The inclu- 
sions and projections of the various factors gives rise to the cosimplicial spectrum 
n ^ G n F(U) and define QF(U) = Tot G'F(U). 
In general for a presheaf of spectra, F(-), define 

QF{U) = Tot G'QF(U) 

where Q is a fixed functorial fibrant replacement for spectra. Then QF(-) is a 
presheaf of fibrant spectra and the homotopy groups of QF{U) define the Zariski 
hypercohomology with coefficients in F, 

n k gF(U)=M z k ar (U;F). 

Moreover iTkQF{U) = [S k AU + , F]z ar , where [— , —]z ar denotes maps in the Zariski- 
local homotopy category of presheaves of spectra on SchfR ([Jar87, Mit97 ). 

Now we consider the case when F' is a presheaf of naive Z/2-spectra on Sch/R 
obtained by F' = p*p*F for some presheaf F on Sch/WL, where p : Sch/M. Sch/C 
is the map of sites specified by I 4 Xc). Observe that if F is additive, i.e 
F{U]\V) = F(U) x F(V), then for a real variety U we have 

GF'(U) = J] ^((Spec OuM = JJ ^((SpecO^) = p*p*GF(U). 

u£U vGUc 

Indeed (Spec UyU ) c = SpecO Uc ^-i {u} = II u Jeir-i{«} S P ecC) %,<: where it : U c ->• 
U is the projection. Take the fibrant replacement functor Q on spectra used above 
to be a Z/2-equi variant fibrant replacement functor. Further suppose that canonical 
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map F(U) —> F(C/c) z / 2 is a weak equivalence. For a cosimplicial spectrum A' we 
have that Tot (A*) n = Tot (A*) and from the description of Tot (A*) as the simplicial 
function complex Tot(A*) = Hom(A, A*) on cosimplicial simplicial sets, we see 
that Tot(-) commutes with fixed points. Because (GF(C/ C )) Z/2 = G(F(U C ) Z/2 ) = 
GF(U) and [Tot G'F{U)f/ 2 = Tot(G'F([/) z / 2 ) we see that 

GF{U) -»• {gF{U c )f' 2 

is a weak equivalence as well. 

The reason for using this specific fibrant replacement functor is the following 
proposition which is needed during our discussion of the topological spectral se- 
quence in Section |2~51 We remind the reader that the presheaf K.( n '(— ) is obtained 
by applying the Godement resolution to the presheaf >VW(— ) = IC geom (—, p An ) 
and ]C geom (X, Y) is defined to be the spectrum associated to a certain special T- 
space (Definition 12. 3|) . The presheaf is obtained by applying the Godement 

resolution to the presheaf of spectra associated to the presheaf of simplical abelian 
groups z e9U i(P An , 0)(— x A'). See Section [2~T1 for more details on these construc- 
tions and Sect ion |2~21 for a recollection of the meaning of the notation F(A' op Xr — ) 
and F(A' op Xc — ) for a presheaf F(— ) on Sch/M., used below. 

Proposition B.l. Let X be a real variety. Then 

/C(")(A' op x R X) -> K^(A' top x c Xf/ 2 

and 

W (n) (A t ; x R X) -> M^(A' top x c Xf' 2 
are weak equivalences. 

Proof. The spectrum K. geom (X,Y) is the spectrum associated to the special T- 
space to h- > HomR(X, Gy 1 '). By Proposition IA.1I we see that tC geom (Xc, Y) G — 
IC geom {X,Y) because Hom K (X, G y n) ) = Hom R (X c , G^ l) ) G . In Section EH the 
spectrum W^™^(X) is defined by a homotopy colimit of a certain diagram of spec- 
tra, W^(X) = hocolimj IC geom (X, ¥ An ). Taking fixed points commutes with 
homotopy colimits of naive G-spectra (see [DI041 Remark 5.6] for an argument 
in terms of G-spaces, note that the same argument applies to G-simplicial sets 
and homotopy colimits of spectra are computed degreewise) and so we have that 
WW(I) ~ W {n) {X c ) G . Similarly we see that M(z equl {P An , 0)(X x R AJ)) ~ 
■M(z equ i(P An , 0)(Xc Xr Ag)) G . These are additive presheaves and so from the dis- 
cussion above on Godement resolutions we conclude that fC^(-) = gw (n) {-) and 
M W (-) = GM{z equi (P An ,0)(~ x R A' R )) also satisfy K.W(X) ~ K^{X c f/ 2 and 
M^ n \X) ~ M (n Hx c ) z / 2 . 

For a presheaf F, the colimit F(A" op Xc X) = colim T ^[/( R ) F(t7c x R X) is a 
filtered colimit and so fixed points commutes with this colimit, 

F(A" a x c X) z ' 2 = colim F{U c x R Xf/ 2 . 

We conclude that IC^(A' top x R X) ~ AC< n >(AJ op x c X) z / 2 and A<W(A t % x R X) ~ 
X(»)(A? op x c X) z / 2 . ' ' □ 
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